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■ Abstract 

!>■ 

\^ ' Since at least one decade, there is a considerable interest in the study of applied and theoretical 

issues related to Multifractional random models. Yet, only a few results about them, are known 
in the framework of heavy-tailed stable distributions; in the latter framework, a paradigmatic 
, example of such models, is Linear Multifractional Stable Motion (LMSM), denoted by {Y{t) : t g 

' M}. It has been introduced by Stoev and Taqqu in PSII^ . by substituting to the constant Hurst 

parameter of a classical Linear Fractional Stable Motion (LFSM), a deterministic function H{-) 
depending on the time variable t; we always suppose H(-) to be continuous and with values in 
(1/a, 1), also, in general we restrict its range to a compact interval. The main goal of our article 
^ is to make a comprehensive study of the local and asymptotic behavior of {Y{t) : t G M}; to 

, this end, one needs to derive fine path properties of {X{u,v) : {u,v) e M x (l/a, 1)}, the field 

generating the latter process (i.e. one has Y{t) = X{t,H{t)) for all t € M). This leads us to 
introduce random wavelet series representations of {X{u,v) : {u,v) G x (1/a, 1)} as well as of 
all its pathwise partial derivatives of any order with respect to v. Then our strategy consists in 
using wavelet methods which are, more or less, reminiscent of those in Among other things, 

we solve a conjecture of Stoev and Taqqu (see Remark 1 on page 166 in [29|). concerning the 
existence for LMSM of a modification (in other words, a version) with almost surely continuous 
paths; moreover we significantly improve Theorem 4.1 in |29j . which provides some bounds for 
the local Holder exponent (in other words, the uniform pointwise Holder exponent) of LMSM: 
namely, we obtain a quasi-optimal global modulus of continuity for it, and also an optimal local 
one. It is worth noticing that, even in the quite classical case of LFSM, the latter optimal local 
modulus of continuity provides a new result which was unknown so far. 
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1 Introduction 

Since at least one decade, there is a considerable interest in the study of applied and theoretical 
issues related to Multifractional random models (among many other references on this topic, one 
can for instance see P[3l[a[Sll[IIl[IlH22l[25l[Mffl[32]). These fractal nonstationary increments 
stochastic processes/fields, are natural extensions of the well-known Fractional Brownian Motion 
(FBM, for brevity); they have a more rich path behavior than it and they offer a larger spectrum 
of applicability, because their local properties, typically the index governing self-similarity as well 
as the degree of path roughness, can be controlled via a nonconstant functional Hurst parameter 
and thus are allowed to change with location. In the Gaussian case, and more generally when all 
their moments are finite, many results concerning path behavior of such random models have been 
derived in the literature; yet, much less is known about it, in the framework of heavy-tailed stable 
distributions. A paradigmatic example of a Multifractional Process in such a setting, is the so 
called Linear Multifractional Stable Motion (LMSM, for brevity), which was introduced by Stoev 
and Taqqu in [28l[29]; according to these two authors (see page 1086 in 23): "a LMSM model is a 
good candidate to adequately describe some features of traffic traces on telecommunication networks, 
typically changes in operating regimes and burstiness (the presence of rare but extremely busy periods 
of activity)" . 

In order to precisely define LMSM, first, we need to fix some notations to be used throughout 
the article. 

• Recall that heaviness of the tail of a stable distribution is governed by a constant parameter 
belonging to the open interval (0,2), usually denoted by a; the smaller a is, the more heavy 
is the tail. In the present article, we always assume that a G (1,2), since it has been shown 
in [28] , that the latter assumption is actually a necessary condition for the paths of LMSM to 
be, with probability 1, continuous functions. 

• H{-) denotes an arbitrary deterministic continuous function defined on the real line and with 
values in an arbitrary fixed compact interval [H_, H] C (l/a, 1); similarly to the constant Hurst 
parameter of FBM, this function will be an essential parameter for LMSM. 

• Za{ds) is an independently scattered strictly a stable {StaS) random measure on M, with 
Lebesgue measure as its control measure and an arbitrary Borel function /?(•) : M [—1,1] 
as its skewness intensity. Many information on such random measures and the corresponding 
stochastic integrals can be found in the book |27j . 

LMSM's are generated by the StaS random field X = {X(u,v) : (u,v) (z M x (1/a, 1)}, defined for 
all {u, v) as the stochastic integral. 




(1.1) 



with the convention that, for each real numbers x and k, 

( x^'jif X G (0, +oo) 




(1.2) 
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Actually, Y = {Y{t) : t € M}, the LMSM of functional Hurst parameter H{-), is defined for every 
t € M, as, 

Y{t)=X{t,H{t)). (1.3) 

Observe that, assuming /?(•) to be a constant, then for each fixed v G (1/a, 1), the process X{-,v) := 
{X{u,v) : {u,v) G M} is the usual Linear Fractional Stable Motion (LFSM, for brevity) of Hurst 
parameter v; therefore LMSM reduces to the latter process when one also assumes H{-) to be a 
constant. We note in passing that LFSM and Harmonisable Fractional Stable Motion (HFSM, 
for brevity) are two very classical self-similar stable processes with stationary increments; they are 
considered to be the most two natural extensions of FBM, to the setting of heavy-tailed distributions. 
Also, we note that in contrast with moving average and harmonisable representations of FBM in the 
Gaussian framework, path behavior of LFSM is considerably more irregular and more complex than 
that of HFSM; we refer to [T21[271[53] for a detailed presentation of the latter two process, as well as 
other classical examples of stable processes. Before ending this paragraph, let us mention that an 
Harmonisable Multifractional Stable Process, which extends HFSM and thus behaves very differently 
from LMSM, has been quite recently introduced in |llj . 

The main goal of our paper is to make a comprehensive study of the local and asymptotic behavior 
of LMSM, under the quite general condition that its parameter H{-) is an arbitrary deterministic 
continuous function with values in an arbitrary fixed compact interval [H_,H] C (1/a, 1); this study 
mainly relies on wavelet methods which are, more or less, reminiscent of those in (2l[5]. As we will 
explain it more precisely very soon, among other things, we significantly improve two earlier results 
of Stoev and Taqqu [29], concerning continuity and path behavior of LMSM. Also, it is worth noting 
that, even in the quite classical case of Linear Fractional Stable Motion (LFSM) (in other words, in 
the particular case where the functional parameter H{-) of LMSM is a constant), the optimal lower 
bound of the power of the logarithmic factor in a local modulus of continuity, was unknown so far; 
Corollary 15.21 and Theorem 17.11 in our article, show that, in the more general case of LMSM, this 
optimal lower bound is in fact 1/a. 

Let us now give the precise statements of the two results in [29], we have just mentioned. 

1. Theorem 3.2 in [29] (the existence for LMSM of a modification (in other words, a version) 
whose paths are, with probability 1, Holder continuous functions). Let L' C L be two arbitrary 
nonempty bounded intervals of the real line, which are respectively closed and open; suppose 
that 1/a < H{t) <1, t e L and that, for all for t' , t" G /, 

\H{t') - H{t")\ <c\t' -t"\P, with 1/a <p, (1.4) 

where c > does not depend on t' and t" . Then, the LMSM {Y{t) : t G M} has a modification 
{Y{t) : t G M}, whose paths are, with probability 1, continuous functions on L; moreover, they 
are Holder functions on with a uniform Holder exponent (see 118. 1\) ) satisfying, 

pT\I') > (pAmini7(t)) -1/a. 

2. Theorem 4.1 in |i29j (local Holder exponent (in other words, uniform pointwise Holder ex- 
ponent) of LMSM). Assume that H{-) is continuous, with values in (1/a, 1) and satisfies, 
p^H^t) > 1/a for all i G M, where p^^\t) denotes the local Holder exponent (see h8. 3\) ) of H{-) 
at t. Then, py '^to), the local Holder exponent of the LMSM {Y{t) : t G M} at an arbitrary 
point to 7^ 0, can be almost surely bounded, in the following way: 

p-%) A H{to) - 1/a < p-%) < pHito) A H{to), (1.5) 

where pnito) denotes the pointwise Holder exponent at to (see e.g. Definition 4-1 in 1231) of 
the function H{ ). 
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In [29] . the proof of the first one of these two theorems, and that of the first inequahty in (jl.Sp . mainly 
rely on the strong version of the Kolmogorov's continuity criterion (see, for example. Theorem 3.3.16 
in [31]); while, the main three ingredients of the proof given in the latter article, for the second 
inequality in (jl.Sp . are the inequality />y''(to) < /Oy(io) and Relations (4.11) and (4.12) in [29]. Using 
a different strategy, namely wavelet methods which are, more or less, reminiscent of those in |2l[5], 
in our present work, we have been able to improve Theorems 3.2 and 4.1 in |29j . More precisely: 

1. The condition ()1.4p seems to be too strong if one is only interested in the existence of a 
modification of LMSM with almost surely continuous paths; namely, in their Remark 1 on 
page 166 in [29], Stoev and Taqqu have conjectured that such a modification should exist as 
long as H{-) is a continuous function with values in (1/a, 1); the latter conjecture is solved in 
our article. To do so, we construct X = {X{u,v) : {u,v) € M x (l/a,l)} a modification with 
almost surely continuous paths, of the field {X{u,v) : {u,v) G M x (1/a, 1)} which generates 
LMSM's; in fact {X(u,v) : {u,v) € R x (1/a, 1)} is obtained as a random series of functions, 
resulting from the decomposition of the kernel in p.ip into a Daubechies wavelet basis (see 
Theorem 12. ip . Thus, denoting by {Y{t) : t G M} the modification of LMSM defined for each 
t G M, as Y{t) := X{t, H{t)), it is clear that the paths of the process {Y{t) : f G M} are 
continuous with probability 1, as long as H{-) is a continuous function on the real line and with 
values in (1/a, 1); observe that at this stage, we do not need to restrict the range of H{-) to 
the compact interval [H_, H] . 

2. Theorem 18.11 in our article shows that, almost surely, for any to € M satisfying P/^'^(to) > 1/a, 
one has, py'^io) = H{to) — 1/a. Observe that the exceptional negligible event on which the 
latter equality fails to be true, actually does not depend on Iq. Also observe that this equality 
remains valid even in the case where to = 0. 

The remaining of the paper is structured in the following way. Section [2] is devoted to the 
construction of the modification {X{u,v) : {u,v) £ x (1/a, 1)} of the field {X{u,v) : {u,v) G W x 
(1/a, 1)} which generates LMSM's; as we have already pointed out, the latter modification is in fact a 
random series of functions, resulting from the decomposition of the kernel in (jl.ip into a Daubechies 
wavelet basis. In Section [3l we show that this series and all its term by term pathwise partial 
derivatives of any order with respect to v, are convergent in a very strong sense: with probability 
1, in the space £^{a,b,M) := ([a, 6], C^([-M, M], M)) , where the real numbers M > 0, < 1/a < 
a < 6 < 1 and < j < a — 1/a are arbitrary and fixed, and where C^{I,M) denotes the space 
of the A- Holder functions defined on an interval I and with values in a Banach space B. Notice 
that an important consequence of the latter result is that, for each q G a typical path of the 
field {{dvX){u,v) : {u,v) G M x (1/a, 1)} belongs to £^{a,b, M); thus, not only such a path is a 
continuous function but also it has much better properties. In Section [H fine path properties of 
the field {{dvX){u,v) : {u,v) G M x (1/a, 1)}, are derived thanks to wavelet methods; namely we 
determine a global modulus of continuity on the rectangle [—M,M] x [a,b], also we give an upper 
bound for | {dvX)(u, v)\, on the domain (n, u) G M x [a, b]. The latter two results are used in Section [5l 
in order to obtain global and local moduli of continuity for the LMSM {Y{t) : t G M}. The optimality 
of some of these moduli of continuity is discussed in Sections [6]and[71 under some Holder conditions on 
-ff (•), it turns out that the global one is quasi-optimal (it provides, up to a logarithmic factor, a sharp 
estimate of the behavior of {Y{t) : t G M}, on an arbitrary fixed compact interval) and the local one is 
optimal (it provides, without any logarithmic gap, a sharp estimate of the behavior of {Y{t) : t G M} 
on a neighborhood of an arbitrary fixed point). In Section [8l by making use of the quasi-optimality 
of the global modulus of continuity of LMSM, we determine its local Holder exponent. Finally, some 
technical lemmas as well as their proofs are given in Section [9] (the Appendix) . 
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2 Wavelet series representation of the field generating LMSM's 



Let X = {X{u, v) : (ti, u) € M X (1/q, 1)} be the StaS stochastic field introduced in (jl.ip . the goal of 
this section is to construct a modification of X, denoted by X, which is defined as a random wavelet 
series. We note in passing that, random wavelet series representations of LFSM and other self-similar 
stable fields with stationary increments, have been introduced in |12j . 

First, we need to fix some notations related to wavelets that will be extensively used throughout 
the article. 

• The real-valued function -0 defined on the real line, denotes a 3 times continuously differen- 
tiable compactly supported Daubechies mother wavelet |10 y 23 1 [M]: observe that has Q >lb 
vanishing moments i.e.: 

/ t'^'il){t)dt = 0, for ah m = 0, . . . , Q - 1, and / t^'il^{t)dt / 0. (2.1) 
Jr Jr 

The fact that is a, compactly supported function will play a crucial role; for the sake of 
convenience, we assume that i? is a fixed real number strictly bigger than 1, such that 

supp Q[-R,R]. (2.2) 

• The real- valued function ^ is defined for all (x, u) G M x (1/a, 1) as, 

^{x,v):= f {sf'^'^'i^ix- s)ds= /" (x - s)+"^/Xs)ds; (2.3) 
Jr Jr 

recall that the definition of (•)^ is given in ()1.2p . Denoting by V the usual Gamma function: 

T{u) := / e-^dt, for ah u G (0,-hoo), 

Jo 

and denoting, for each fixed v, by ^(-jv) the Fourier transform of the function ^(•,u): 

^i^,v) := / e-'^''^ix,v)dx, for alU S M, 
Jr 

one has, 

^ -jsgn(5)(f+l-l/a) I t\ 

^{C, v)=T{v + l- 1/a) for alU G M \ {0}; (2.4) 

the latter equality can be obtained by using a result in [26] concerning Fourier transforms of 
left-sided fractional derivatives. 

• {^j,k '■ (j) k) G Z^} is the sequence of the real-valued StaS random variables defined as, 

e,,k := 2^/" / ^P{2^s - k)Z^{ds). (2.5) 

JR 

Now we are in position to state the main result of this section. 

Theorem 2.1. Let ^ be the function defined in 112. 3\) . let {ej^k '■ (j)^) £ be the sequence of the 
real-valued StaS random variables defined in 112. 5\) . and let be the event of probability 1 introduced 
in Lemma \2.1\ below. The following two results hold. 



5 



(i) For all fixed u & and (u, -y) € M x (1/a, 1), one has 



2^^''\ej,kiuj)\\^{2^u-k,v) -^{-k,v)\ <oo. (2.6) 

{j,fc)GZ2 

Therefore, the series of real numbers: 

2-^-e,,kiu^){^{2^u-k,v)-^{-k,v)), (2.7) 

(j,fc)GZ2 

converges to a finite limit which does not depend on the way the terms of the series are ordered; 
this limit is denoted by X{u,v,uj). Moreover for each u ^ Q,q and every {u,v) G M x (1/a, 1), 
one sets X{u,v,u}) = 0. 

(a) The field {X{u,v) : {u,v) eMx(l/Q, 1)} is a modification of the StaS field {X{u,v) : {u,v) S 
M X (1/a, 1)} defined in [Tl]) . 

In order to prove Theorem 12.11 we need some preliminary results. 

Remark 2.1. (i) Wej^kWa, the scale parameter of ej^k, does not depend on {j,k), since classical 
computations, allow to show that, 

{\ 1/a 
jjmrdtl . (2.8) 

(a) The skewness parameter of ej^k, is denoted by fij^k CLnd is given by, 

= l|eo,o|ir / V<">(x)/3(2-^x + 2-^fe)dx, 

where z^"^ := \z\"sgn{z) for all z G M, and where /3{-) is the skewness intensity function of 
the StaS measure Za{ds); notice that, when the latter function is a constant, then the random 
variables ej^k become identically distributed, since, not only they have the same scale parameter, 
but also the same skewness parameter. 

(Hi) Property 1.2.15 on page 16 in I27f , as well as the fact that \\ej^k\\a does not vanish and does 
not depend on {j,k), imply that there exist two constants < c' < c" non depending on {j,k), 
such that, one has for all real number x > 1, 

c'x"" < P(|ej- fcl > x) < c"x~". (2.9) 

(iv) In view of i2.5\) . h2. 2^) and the fact that Za{ds) is independently scattered, for each fixed integers 
p > 2R and j G Z, one has that {ej,pq : q (zl^} is a sequence of independent random variables. 

The following lemma, which has been derived in [2] , gives rather sharp estimates of the asymptotic 
behavior of the sequence : (j, /c) G Z^j. It can be proved by showing that for every fixed real 

number ?7 > 0, one has. 



^ I X] ^{|,,fe|>(l+|j|)l/c+.,(l+|fc|)l/<.logl/"+1( 



the latter fact, easily results from the second inequality in ()2.9p . 



< oo; 
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Lemma 2.1. 0/ There exists an event of probability 1, denoted by 0,q, such that for every fixed real 
number rj > 0, one has, for all w S and for each (j, k) G Z^, 

\e,Mu^)\ <C{u){l+\j\f'^^'^{l + \k\f^ (2.10) 
where C and C are two positive and finite random variables only depending on rj. 

The following proposition, which shows that the function ^ and its partial derivatives of any 
order, have nice smoothness and localization properties, will also play an important role throughout 
our article. 

Proposition 2.1. The function ^ satisfies the following two properties. 

(i) For all {p,q) € {0,1,2,3} x and {x,v) € M x (1/a, 1), the partial derivative {c)^dv^){x,v) 
exists and is given by, 

{dPd^^){x,v) = [ (s)+~^/"log«((s)+)V(P)(x-s)(is = / (x-s)+"^/"log«((rc-s)+)^(P)(s)(is, 



(2.11) 

where ip^^'^ is the derivative of il) of order p and 01og''(0) := 0. Moreover the function dxdv^ is 
continuous on R x (1/a, 1). 

(a) For each {p,q) € {0,1,2,3} x Z+ and for every real numbers a,b satisfying 1 > b > a > 1/a, 
the function d^dv^ is well-localized in the variable x uniformly in the variable v £ [a, b]; namely 
one has 

sup {3 + \x\f\{dPd^^){x,v)\<oo. (2.12) 

{x,v)eRx[a,b] 

Proof of Proposition Let us first show that Part (i) holds. In view of ()2.3p . the function ^ can 
be expressed, for all {x,v) G R x (1/a, 1) as, 

"i>{x,v) = / L{x,v,s)ds. 
Jr 

where L(x, v, s) := (s)^ ^^"ip{x — s). Also observe that for all {p, g) G {0, . . . , 3} x Z+ and {x, v, s) G 
R X (1/a, 1) X R, the partial derivative {d'^dvL){x,v, s) exists and is given by 

idPd^Mi^,v,s) = (5);-^/°log''((s)+)V'(f)(x-5). (2.13) 

Therefore, to show that the partial derivative (c^(9^5^)(x, v) exists and is given by ()2.1ip . it is sufficient 
to prove that for all real numbers M, a and b, satisfying 

M > and 1/a < a < 6 < 1, (2.14) 

one has 

/ sup \{dPd^L){x,v, s)\ ds < oo. (2.15) 

This is true, since Relations ()2.13p . ()2.2p and ()2.14p . imply that 

r fM+R 

/ sup \{dldlL){x,v,s)\ds < |l^(^)|U.o(K) / ((s)r'^"+(s)+ '^")|log((s)+)r^is < oo. 

jR[x,v)&[-M,M]Aa,b] J-M~R^ ' 

Finally, observe that it follows from (|2.1ip . (|2.13p . (|2.15p and the dominated convergence Therorem, 
that for all (p, q) € {0, . . . , 3} x Z+, the function c^9^^' is continuous over R x (1/a, 1). 
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Let us show that Part (ii) of the proposition holds. Relations ()2.2p and (j2.1ip . imply that for all 
(P) G {0, . . . , 3} X Z+ and for each {x, v) G (—00, —R) x (1/a, 1), one has 

{dPd^^){x,v) = 0. (2.16) 

Combining (|2.16p with the fact d^dv^ is a continuous function over the compact set [—R, 2R] x [a, b], 
it follows that 

sup {3+\x\f\{dPd^'^){x,v)\<oo. 

Therefore, it remains to show that 

sup {3 + xf\{dPd^^){x,v)\<oo. (2.17) 

(x,i))G(2R,+oo)x[a,fe] 

In view of ()2.1ip and ()2.2p . one has for each {x,v) G (2iZ, +00) x [a, 5], 

f-R 

{dPd^,^){x,v) = / i^<;(x,7;,s)^(f)(s)(is, 

where Kq{x,v,s) := (x — s)'"~^^'^log'^{x — s). For each / € {1,2,3} and real number s, one sets 
^ X!^ V'^^+^"'H*) '^i; observe that, in view of (|2.ip and (|2.2p . the supports of the latter 
three functions are included in [—R,R]. Thus integrating three times by parts, one gets that, 

{dPd'i^){x,v) = - {d!Kq){x,v,s)i;^P-^Hs)ds. (2.18) 
J-R 

Next standard computations, allow to show that there is a constant Cq^a > 0, only depending on q 
and a, such that for all {x,v,s) € (2i?, +00) x [a,b] x [—R,R\, one has, 

\{dlKq){x,V,s)\ < Cq,c.{x - S)~^ < ACq^aX-^ (2.19) 

Finally, putting together (^Tm and (^TM . one obtains (IXTTll . □ 

Now we are in position to prove Theorem 12.11 

Proof of Theorem \2. 1\ Part (i). Let a; S f^Q and {u,v) G R x (l/a, 1) be arbitrary and fixed. Also, 
we assume that ij is an arbitrarily small fixed positive real number. By using the triangle inequality, 
(j2.12p (in which one takes p = q = and a, b such that v G [a, &]), and (|2.10p . it follows that for all 
fixed i e N, 

|ej,fc(w)||^(2-^'ii - k,v) - '^{-k,v)\ 

.l/a+T] /„ I, |\ 1/0+77 \ 



<c,M(3 + i)"-'S(-£±M ^^^^ , ^ 



^ (3+|fc|)^ 



^^1) (3 + |fc|)' 



<C72(a;)(3 + jy/"+''(3 + 2^H)^/"+^'5] ( 



l/a+ri /„ I , ,N l/a+T) " 



(3 + |A:|)^'""^' (3 + |fc|) 



+ 



{3 + \2iu-[2^u]-k\)^ (3+ 1^1)^ 



(2.20) 



where [2^u] denotes the integer part of 2^u and where Ci{uj) and C2{uj) are two finite constants non 
depending on j and u. Then, noticing that, 

sup <^ V ^ ^ ^ ^ < V ^ ' „ < 00, 2.21 

-e[o,i] (3+|x-A:yj (2 + 1^1)' 
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it follows from (p:20|) that 



"^^2~^''\ej^ki^)\\^{2^u - k,v) - ^{-k,v)\ < oo. (2.22) 



Let us now prove that, 

Y^2~^''\ej^k{oj)\\^{2^u - k,v) - ^{-k,v)\ < oo. (2.23) 

Applying the Mean Value Theorem, one has for all (j, k) € Z„ x Z, 

^{2^u -k,v)- ^{-k,v) = 2Ju((9^^')(i/ - k,v), (2.24) 

where u G [-2-'' 2-'' |nl] C [-\u\, \u\]. Then putting together (fZM]) . (|2T0]l and (|2T2]l (in which one 
takes p = 1, q = and a, b such that v G [a, 6]), one obtains that. 



^ \ej^kioj)\\^{2^u- k,v) - ^{-k,v)\ 



fc|<|u| 



and 



< Cs{co)\u\{2\u\ + 1)(3 + |n|)'/"+^ ( snp\{d^^){x,v)\) 2^'(3 + (2.25) 



|ej>H||^(2^'^^ - A:, 7;) - '^{-k,v)\ 

\k\>\u\ 

< C4(c.)|^|(3+ 1^1)^/"+" (3+ |A;|)^/"+''-^) 2^{3 + \j\f''^\ (2.26) 



where 6*3(0;) and 6*4(0;) are two positive finite constants non depending on j and u. Next combining 
(I2:25]l and ([226]), with the fact that ?; € (1/q, 1), one gets (fZ^ . Finally (l2:22]l and ([2:23]) show 
that (ESI) holds. □ 



Proof of Theorem \2. 1\ Part {ii). For all {j, k) G and any s G M, we set 

V^,-fc(s) = 2^'/"^(2:?-s_fc), (2.27) 

where ip is the Daubechies mother wavelet introduced at the very beginning of this section; observe 
that the sequence {ipj,k ■ (ji^) S forms an unconditional basis of L"(R) and the sequence 
|2i(i/2-i/a)^^. ^ . (^j^ j^^ ^ orthonormal basis of L'^{R) (see [^SlIM] !. Therefore, noticing that 

for any fixed iu,v) G Mx (1/a, 1), the function s ^ {u-s^'^^" -{-sf'^^'^ belongs to L'^(M)nL2(M), 
it follows that, 

_ _ (_,);-!/" = YY'^,,k{^,v)i^jMs), (2.28) 

where 

= 2"J''{^(2Ju-fe,'y) -^{-k,v)}, (2.29) 

and where the convergence of the series, as a function of s, holds in L"(M) as well as in L^(]R); 
observe that the limit of the series does not depend on the way its terms are ordered. Next, using 
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(HJH]), ([2:29]) . (fTTT]) . a classical property of the stochastic integral ( • )Za((is), (p:271) and (p3]) . we 
get that the random series 

^ (^'(2^n - k,v) - ^{-k, v)) , 

converges in probability to the random variable X{u,v)] observe that the terms of the latter series 
can be ordered in an arbitrary way. Finally, combining the latter result with Part {€) of Theorem 12. 
we obtain that the random variables X[u,v) and X[u,v) are equal almost surely. □ 



3 Convergence of the wavelet series in Holder spaces 

The goal of this section is to show that when the terms of the series in (j2.7p . viewed as a random 
series of functions of the variable {u,v), are ordered in an appropriate way, then not only this series 
converges almost surely for every fixed {u,v) S M x (1/a, 1), but also, it is, as well as all its term by 
term pathwise partial derivatives of any order with respect to v, almost surely convergent in some 
Holder spaces. Let us first precisely define these spaces. 

Definition 3.1. Let (B, || • ||) be a Banach space and K, a subset of M. For every 7 € [0,1], the 
Banach space of "f- Holder functions from K, to M, is denoted by C^{IC,M) and defined as, 

C^(/C,]B) := |/ : /C ^ B : AA^(/) < 00}, 

where 

M,{f) :=sup||/(x)||+ sup 

is the natural norm on this space. Notice that in the definition of Afy{f), we assume that 0/0 = 0. 
Also notice that C^{}C, B) is usually called the space of the Lipschitz functions from K to B. 

Definition 3.2. Let 7, M , a and b be arbitrary and fixed real numbers satisfying 7 G [0, 1], M > 
and a < b. We denote by £^{a,b, M), the Banach space 

£^{a,b,M) :=C^{[a,b],C"'{[-M,M],R)), 

of the Lipschitz functions defined on [a,b] and with values in the Holder space C"'{[—M,A'I],M.). 
Observe that each function f belonging to £.y{a, b, M), can be viewed as a bivariate real-valued function 
{u,v) 1-^ f{u,v) := {f{v)){u) on the rectangle [—M,M] x [a,b]; moreover, the natural norm on 
£^{a,b, M), is equivalent to the norm \\ \ . \ \\ defined as. 



l/lll := sup \fiu,v)\ + sup 



|(Ai;_„,/)(n2,t;)| 



(u,v)e[-M,M]x[a,b] {ui,U2,v)e[-M,M]^x[a,b] \ui — U2P 



+ sup — j (3.1) 



sup 



\(A]'^ J)(u2,V2) 

■71 



(ui,«2,?^i,-02)e[-M,M]2x[a,6]2 Pl " U2\ ' \Vl - V2 



where. 



(A«i-«2/)(^2,?^) := f{uuv) - f{u2,v), 

{A'^l_^J){u,V2) := f{u,vi) - f{u,V2), (3.2) 

(Aj;^^_„2„^_„2)/)(u2,t;2) := fiui,Vl) - fiui,V2) - fiu2,Vl) + f{u2,V2). 

Notice that in i3. we assume that 0/0 = 0. 
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Now we are in position to state the main result of this section. 

Theorem 3.1. We use the same notations as in Theorem \2.1\ The following two results hold for all 
UJ € VLq, the event of probability 1 introduced in Lemma \2.1[ 

(i) For each fixed u € M, the function X{u,-,u}) : v i— t- X{u,v,uj) is infinitely differentiable over 
(1/a, 1); its derivative of any order q G at all v £ (1/a, 1), is given by 

{dlX){u,v,u) = (^) (-log2)^ ((9r"^)(2^'" -k,v)- {dr''^){-Kv)) , 

(3.3) 

where, 0^ := 1, for every fixed {u,v) the series is absolutely convergent (its terms can therefore 



be ordered in an arbitrary way), and ^ J denotes the binomial coefficient p\(^qLp)\ ■ 

(a) For each fixed q € 1^+ and M,a,b S M satisfying M > and 1/a < a < b < 1, the function 
{d1,X){-,-,oj) : {u,v) 1-7' {dtX){u,v,oj) belongs to the space £^{a,b,AI) for all ^ S [0,a — 1/a). 

The proof of Theorem 13.11 mainly relies on the following proposition. 

Proposition 3.1. Let M be an arbitrary and fixed positive real number. For every n G Z_|_, denote 
by Xj^i^n = {XM,n{u,v) : {u,v) G R X (1/a, 1)} the StaS random field defined for every {u,v) G 
M X (1/a, 1), as the finite sum, 

XM,n{^^^)= Yl 2~^"ej,k{'^{2^u-k,v)-^i-k,v)), (3.4) 

{j,k)eDM,n 

where 

DM,n ■■= {{j, k) G : \j\ < n and \k\ < M2"+^} . (3.5) 
Then, the following three results hold. 

(i) For all fixed u £ Vl (the underlying probability space) and tt G M, the function XM,n{u,',^) '■ 
V I—)- XM,niu,v,uj) is infinitely differentiable over (1/a, 1); its derivative of any order q G Z+ 
at any point v G (1/a, 1), is denoted by (d^X M,n)iu, v , u}) . 

(a) For all fixed uj £ Vt, q,n £ and a, 6 G M satisfying 1/a < a < b < 1, the function 
((9^Xj\,f,n)(') ■) w) belongs to the Banach space £i{a,b,M). 

(Hi) For each fixed oj G Oq, q G and a, 6, 7 G M satisfying 1/a < a <b <1 and 0<7<a— 1/a, 
((c?^Xjv/,n)('i •) ^))„g2+ ^"^ ^ Cauchy sequence in the Banach space £^{a,b, M). 

Proof of Proposition \3.1[ Parts (i) and (ii) of Proposition 13.11 are more or less straightforward con- 
sequences of Proposition 12. 11 In view of Definition 13.21 Part (Hi) of Proposition 13. II results from the 
following four lemmas. □ 

Lemma 3.1. Let M, a and b be fixed real numbers satisfying M > and 1/a < a < b < 1. For all 
fixed q G and w G Oqj uihen n goes to infinity, 

{dlXM,n+l) {u, V, Uj) - {d^XM,n) {u, V, u) (3.6) 

converges to 0, uniformly in {u,v) G [— M, M] x [a,b] and in I G 
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Lemma 3.2. Let M, a, b and 7 be fixed real numbers satisfying M > 0, 1/a < a < b < 1 and 
7 < a — 1/a. For all fixed q G and uj G Og, when n goes to infinity, 



{U2, 



\ui - U2p 

converges to uniformly in {ui,U2,v) G [— M, M]^ x [a,b] and in I G 



(3.7) 



Lemma 3.3. Let M , a and b be fixed real numbers satisfying M > and 1/ a < a < b < 1. For all 
fixed q G and w G Oqj when n goes to infinity, 



{^vl~V2 {dvXM,n+l)){u, V2,UJ)- {^vl-v2 {dvXM,n)){u, V2,U;) 



\Vi - V2\ 

converges to uniformly in {u,vi,V2) G [— M, M] x [a, 6]^ and in I G Z+. 



(3.8) 



Lemma 3.4. Let M, a, b and 7 be fixed real numbers satisfying M > 0, 1/a < a < b < 1 and 
7 < a — For all fixed q G and uj G Og, when n goes to infinity. 



1,1 

[ui—U2,Vi—V2j 



idvXM,n+l)){u2,V2,U}) - f A ' 



{ui—U2,Vi—V2) 



{d?,XM^n)^{u2,V2,Uj) 



(3.9) 



Fl - U2U\Vl - V2\ 

converges to uniformly in {ui,U2,vi,V2) G [— M, M]^ x [a, 6]^ and in I G 

The proofs of the previous four lemmas are quite similar, so we will only give that of Lemma 

Proof of Lemma \3.4\ In view of the convention that 0/0 = 0, there is no restriction to assume that 
ui 7^ U2 and vi ^ V2- By using ()3.4p . ()3.2p and Leibniz formula, one can rewrite ()3.9p as. 



Ep=0 Q ( - log '^f Eij,k)eDM,„+i\DM,u f^jA^) {^li\~U2,v,-V2)®lk') i'^2,V2) 

\ui - U2\'^\vi - V2\ 

where for all {u,v) G M x (1/a, 1), 

ej/(n,7;) = 2-^''(5r^M')(2^n - k,v). 



(3.10) 



(3.11) 



In the sequel, we denote by the set defined as = {{j,k) G 7? : {j,k) ^ DM,n}'i recall 

that DM,n has been introduced in (j3.5p . Using (j3.10p . Taylor formula with respect to the variable v, 
p.2p . and the triangle inequality, one obtains that 



A 



1,1 

{ui—U2,V\—V2) 



{d?,Xn+l))iu2,V2 



.CO 



A 



1,1 

{ni—ji2,f 1—1)2) 



{d^Xn)^iu2,V2,Uj] 



\UI - U2\'^\vi - V2 



^ G']y;/„(ni,U2,U2,w) + \vi - V2\G''£^^{ui,U2,Vl,V2,i^) 



2,q 



where 



G];l^iu,,U2,V2,u) := J2 J0°g2)^ E 



Al;;_^^{d.el,p)){u2,v2 



\Ul - 7X2 I 



(3.12) 
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and 



/; (1 - .) (Ai;_„^ (S^ej J)) + s{v, - v,))d, 



\Ui - U2\ 



(3.13) 



Thus, for proving the lemma, it is sufficient to show that, when n — ?• +00, ^^(ui,U2,V2,oj) and 
^{ui,U2^vi^V2,uj) converge to 0, uniformly in {ui,U2,vi,V2) € [— M, M]^ x [a, 6]^. 
First, let us study G]^^ ^{ui,U2,V2-,ijj)- It follows from (|3.11|) . that, 

{d,Q''-^^){u,v) = 2-i\d1,+^-P-^){2H -k,v)- (log2)i2-^'^(9rP^)(2^n - k,v). (3.14) 
Next, putting together (j3.14p . (|3.2p . the triangle inequality. Lemma [TH (|9.ip and (j9.2p . one has, 

'Ai',-,ja.e;7))(a2,t.2) 



|mi - ti2|''' 

(ar^-^^)(2^ui - fe,i;2) - (Sr^-^M/) (2^-^X2 - k,V2) 



(log 2) 5^ 2-^-^^br+i|e,,,( 



|ni - U2I''' 

(ar^^) (2%i - A:, i;2) - {8^'^) (2%2 - A:, V2) 



\ui - U2\'^ 

< Ciiu) (A„(txi, U2,V2; M, 7, rj,p, d^+^-P^) + S„(ni, US, ^2; M, 7, r/,p, 9^'"^'!' 
+ C7i (cj) (log 2) (a„ (m , US , 7;2 ; M, 7, 7?, p + 1, Sr^^) + (ui , ^2 , f 2 ; M, 7, r?, p + 1 , ar^^' 



where Ci denotes the random variable C introduced in Lemma [2.11 Then Lemma [9.2l and (|3.12p imply 
that, when n +00, G]^.j^{ui,U2,V2,uj) converges to 0, uniformly in (ui, ^2, vi, ^2) S [— M, Af]^ x 
[a,6]2. 

Let us now study G j^f ^{ui,U2,vi,V2-,oj)- It follows from (|3.14p that, 

(52ej/)(n, v) = 2-^^' (a9+2-P^) (2^^, -k,v) - 2(log 2)j2-J'^ (a^^+^-P^-) {2^u - k, v) 

+ {log2ff2"^''{drP^){2^u-k,v). (3.15) 
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Next, putting together (|3.15p . (|3.2p . the triangle inequality, Lemma [27n (j9.ip and (j9.2p . one has, 

2^ 

< Ci{uj) [Ar\ui,U2,V2 + s{vi - V2);M,-i,r],p,dl^'^-^-^) + 

Bn {ui ,U2,V2 + S{V1-V2);M, 7, 77, p, a^+^-P^r) ) 

+ CsC^^) ^ (^An{ui,U2,V2 + s{vi- V2);M, 7, 77,p + 1, + 

Bn{ui,U2,V2 + s{vi - V2); M , J , 7], p + 1, 9^+^"^) ^ ds 

+ C2H^ (^„(ni,7/2,t'2 + s(^i -^'2);M,7,7?,p + 2,5r^'I') + 

U2, W2 + s{vi - V2);M, 7, 7?,p + 2, ds, 

where C2(aj) = (21og2)Ci(a;). Then Lemma l9.2l and ()3.13p imply that, whenn — )■ +00, G'^j^f^{ui,U2,vi,V2, 
converges to 0, uniformly in {ui,U2,vi,V2) € [— M, M]^ x [a, 6]^. □ 

Now we are in position to prove Theorem 13.11 



Proof of Theorem \3.1[ Let a; G be arbitrary and fixed. First we show that Part (i) of the theorem 
holds. By using Lemma [2.11 Proposition 12.11 and a method similar to the one which allowed to derive 
(j2.6p . we can prove that, for all fixed (7 € N and {u,v) G M x (1/a, 1), one has, 

^ (^)(iog2)^ \jn-^'"hk{co)\ \{dr^^){2^u-k,v) - {dr''^){-k,v)\ < oo. 

Therefore, the series of real numbers, 

^('^V-log2)^ ^ f2-^\j,,{u:){{dr^^){2^u-k,v)-{dr''^){-k,v)), 

is convergent, and its finite limit, denoted by X^^\u,v,uj), does not depend on the way the terms of 
the series are ordered. Let us now assume that u G M is arbitrary and fixed and that the variable 
V belongs to an arbitrary fixed compact interval [a,b] contained in (1/a, 1). We denote by M an 
arbitrary fixed positive real number such that u G [—M,M]. In view of Theorem 12.11 Part (i), 
Proposition 13.11 Part {Hi), and ()3.ip . when n goes to infinity, the following two results are satisfied: 

• the function v i-)- XM,n{u, v, u) converges to the function v 1— )■ X{u, v, oj), uniformly in G [a, b]; 

• for each fixed g G N, the function v i-)- {dvXM,n){u,v,oj) converges to the function v 1— >• 

v,uj), uniformly in u G [a,b]. 

The latter two results imply that v 1— )■ X{u, v, u) is an infinitly differentiable function over [a, b] and 
one has, for all g G N and v G [a, b], 

{dlX){u,v,uj)= hm (9^XM,„)(n,T;,w) =x(5)(n,T;,w); (3.16) 

n->+oo 

these equalities mean that ()3.3p is satisfied. Thus, it remains to show that Part {ii) of the theorem 
holds. In fact, the equality X{u,v,oj) = \\m.n^j^ooXM,n{'U-,v,uj), (|3.16p . and Proposition 13.11 Part 
{Hi), imply that this is indeed the case. □ 
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Before ending this section, let us stress that for each fixed cj G q € and M,a,b G R 
satisfying M > and 1/a < a < b < 1, Theorem 13.11 Part (ii), allows to derive, uniformly in 

V & [a,b], a global modulus of continuity of the function u i-> (dvX)(u, v, uj), on the interval [— M, M]; 
also, it allows to derive, uniformly in n G [—M,M], a global modulus of continuity of the function 

V I—)- {dvX){u,v,uj), on the interval [a,b]. More precisely, in view of Definition 13.21 a straightforward 
consequence of Theorem 13.11 Part (ii), is the following: 

Corollary 3.1. For each fixed to G Uq, q G Z+ and M, a, 6, G M satisfying M > 0, l/a < a < b < I 
and T] > 0, one has, 



sup 

{ui,U2,v)&[-M,M]'^x[a,b] 



\{dvX){ui,v,uj) - {d^X){u2,v,uj) 



\Ui - U2 



\a—l/a—r) 



< oo, 



and 



\ \ {diX){u,vi,oj) - id'iX){u,V2,u})\ I 
sup < ■ ■ > < oo. 

(w,«l,f2)e[-Af,M]x[a,b]2 I \Vl-V2\ I 



(3.17) 



(3.18) 



4 Fine path properties of the field generating LMSM's 

The main two goals of this section are the following: 

• to give an improved version of the global modulus of continuity ()3.17p ; 

• to derive, an upper bound of I {dlX) {u, v,uj)\, for all G Oq, g G Z+, v G [a, 6] C (l/a, 1) and 
n G M. 

More precisely, we will show that the following two results hold. 

Proposition 4.1. For each fixed co ^ Qq, q Z+ and M,a,b,r] G M satisfying M > 0, l/a < a < 
b < 1 and r] > 0, one has, 



sup 



\{dvX){ui,v,uj) - {dvX){u2,v,u})\ 

q+2/a+ri 



{ui,U2,v)G[-M,M?x[a,b] [\ui -U2h'-^/"(l+ | log |ni - U2\\) 



< sup 

(ui,U2,v)e[-M,M]^x[a,b] 



log2)^Eo-,fe)ez^ im-^^'lejM^)] {dr''^){2^ui -k,v)- {dr''^){2^U2 - k, 



\UI - U2\'"-'^/°'{l + \ log\ui - U2\ 



■.q+2/a+ri 



< OO. 



(4.1) 



Proposition 4.2. For each fixed lo G Qq, q G Z+ and a,b,i] G M satisfying l/a < a < b < 1 and 

r] > 0, one has, 

f \{dlX){u,v,oj)\ \ 



sup 

{u,v)mxla,b] [ |u|^(l + I log |n||) 

< sup 

{u,v)GRx[a,b] 



q+l/a+rj 



(^) (i°g2)^Eo-,fc)ez^ (ar^^)(2^-« -k,v)- {dr'^)i-k,v) 



1^(1 + 1 log \u\\) 



q+l/a+T] 



< OO. 



(4.2) 
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The proofs of Propositions HTT] and l¥?2] are, to a certain extent, inspired by that of Theorem 1 in [2]. 

Proof of Proposition [7^7} Let (ui,n2,f) G [— M, M]^ x [a,b] be arbitrary and fixed; in all the sequel 
we assume that ui u^- Observe that, in view of (|2.12|) . there is a constant c\ > 0, non depending 
on (ui, U2, f ), such that for all p G {0, . . . , q} and {j, k) € I?, one has, 

I {dt""^) (2^ni -k,v)- (ar^^) {2^U2 -k,v)\<ci({2, + \2^ui - k\)~^ + (3 + \2^U2 - A:|) . (4.3) 



Also notice that \{dv ^^)(2-^iii — k,v) — (^dv ^"^){2^U2 — k,v)\ can be bounded more sharply when 
the condition 

2^\ui-U2\<l (4.4) 
holds, namely using the Mean Value Theorem and ()2.12p . one has, 

\{d^-P^){2^ui - k,v) - {d^-P'^){2^U2 - k,v)\ < 2^ui - U2\ sup \{d^d^-P^){2^u - k,v 

{u,v)g[uiAu2,ui\/U2] X [a,b] 

<ci2^\ui—U2\ sup (3 + |2-^n — A;|) ^ 

n£[ui An2,ni VU2] 

< ci2^\ui - U2\{2 + \2^ui - k\)~\ (4.5) 

where the last inequality results from the triangle inequality and ()4.4p . Denote by jo > — log2(4M) 
the unique integer satisfying 

2~^ < 2^'>i - nal < 1. (4.6) 
Then, the first inequality in (j2.10p . (j4.3p and ()4.5p . entail that, for aU 77 > and co e il^, 

m~^"\ejMu^)\ \{dr''^){2^ui -k,v)- (ar^^)(u2 - A;,^;)! < 

(i,fc)ez2 

Cico) 2--'''(l + |i|)P+i/"+''(l + |A;|)V°log^/"+^(2 + |fe|)| (ar^^)(2^^xi -k,v)- (ar^^)(2^U2 - k, 

(j,fc)ez2 

< C{u})ci(Aj^^{ui,v)\ui -U2\ + Bjo{ui,U2,v)) , (4.7) 



where the random variable C has been introduced in Lemma [2. II and where for each J ^"L, (1/1,112) S 
M^, and v G [a, 6], 

Aj{yi,v) := ^^2^-(i-'')(l + |j|)P+V"+^(i + |A;j)i/"logV"+^(2+ |A;|)(2+ j2^yi - k\)-' (4.8) 
and 

Bj{yi,y2,v) (4.9) 
= YY1 + |j|)^+'/"+^(l + W/"+^(2 + |A;|) ((3 + \2^yi - k\)-^ + (3 + \2^y2 - k\y^ 

j>Jk€Z 

Let us now give an appropriate upper bound for Ajg{ui,v). Assume that j < Jq; using Lemma 
(in which one takes 9 = 1/a, = 1/a + 77 and u = 2^ui) and the inequality < M, one obtains 
that, 

(2 + |2ini-A;|)' 
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where C2 is a constant only depending on M, a and rj. Next, it follows from the latter inequality, 
()4.8p and Lemma 19.41 (in which one takes 9 = 1 — v, Oq = 1 — 6, A = p + 1/a + rj, uq = — oo and 
ni = jo) that, 

j<jo 

< C4ki -n2r-V-i(i + |iog|ni -^211)^+'/"+'^ (4.10) 

where the last inequality results from ()4.6p . and where C3 and C4 are two constants non depending 
{ui,U2,v). Let us now give an appropriate upper bound for Bj^{ui,U2-,v). In view of ()4.9p . this 
quantity can be expressed as, 

Bj^,{Ul,U2,v) =Tj,,{ui,v) +Tj^{u2,v), (4.11) 
where, for each J E Z, y G M and v € [a, 6], 

TjM :- EE-"" ^' ^ |j|)^+V"+ni + logV"+''(2+ |fc|) _ ^^^^^^ 

Assume that j > jo and that x G {iti, 1*2}; using Lemma [931 (in which one takes 9 = 1/a, C = l/a + rj 
and u = 2^x) and the inequality |x| < M, one gets that, 

^ (l + |>.|)VlogV^'-(2 + |t|) ^ ^ 
» (2+|»x-J:|)" 

Next, in view of (|4.12p . it follows from the latter inequality and Lemma 19.41 (in which one takes 
9 = V — 1/ a, 9o = a — 1/ a, \ = p + 2/ a + 2r], no = io + 1 and ni = +00) that. 



Tj,{x,v) <C2Y, 2-^'(''-^/")(l + \j\)P+^/-+^^ < c52--'«(^'-V")(l + \j. 



\p+2/a+2ri 



j>jo 



< cehi - n2r'-^/"(l + I log 1^X1 - n2||)^+'/"+'^ (4.13) 

where the last inequality results from (|4.6p . and where C5 and cg are two constants non depending 
on {x,v). Next, (fi7T3]l and (jiH]) imply that 

Bj,iuuU2,v) < 2c6|ni -^Z2r-^/"(l + |log|ni -^Z2||)^+'/"'^"'. (4.14) 
Next putting together, (|4.10p . ()4.14p and (jT?]) . one obtains that, for aU r/ > and uj G Qq, 

m-^^hki^)] |(ar^M')(2%i -k,v)- (9r^*)(n2 - fc,t;)| 

(j,fc)GZ2 

< C(a;)c7|txi - n2r-i/"(l + | log jm - ^.211)^+'^"+"', (4.15) 

where cj is a constant non depending on {ui,U2,v). Finally, ()3.3p . the triangle inequality and ()4.15p 
entail that (gj]) holds. □ 

Proof of Proposition Let (u,!)) G M x [a,b] be arbitrary and fixed, in all the sequel we assume 
that u / 0. Observe that, in view of ()2.12p . there is a constant ci > 0, non depending on (n, v), such 
that for all p G {0, . . . , q} and (j, /c) G Z^, one has, 

|(5r^$)(2Ju - A:,z;) - {d^~P^){-k,v)\ < ci((3+ |2^'u - A:|)"^ + (3+ |A:|)"^). (4.16) 
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Also notice that \{di, ^^){2^u — k,v) — {dt ^'^){—k,v)\ can be bounded more sharply when the 
condition 

2^|ti|<l (4.17) 
holds, namely, using the Mean Value Theorem and (j'2.12p . one has, 

\{d'i-P^){2^u - k,v) - [dl~v^){-k,v)\ <2^\u\ sup \{d^d'i-P^){2^y - k,v)\ 

j/G[nAO,uVO] 

<ci2^\u\ sup (3+ |2Jy - /cj)"^ 

yg[uAO,-uVO] 

< ci2^>|(2 + (4.18) 

where the last inequality results from the triangle inequality and ()4.17p . Denote by ji € Z the unique 
integer satisfying 

2~^ < 2Ji|n| < 1. (4.19) 
Then the first inequality in (f2lil]) . ()i36]) and entail that, for aU 77 > and w e 

|jr2-^-^'|e,-,(u;)| \{drP^){2^u -k,v)- {dr''^){-k,v)\ 

< C{lo) 2-^^ (1 + 1^1)^+'/"+" (1 + \k\f''' logV"+^ (2 + I I (^r^^) {2^u -k,v)- (^r^*) {-k, 

< C{uj)ci[\u\Aj,{0,v) + Bj,{u,0,v)y (4.20) 

where the random variable C has been introduced in Lemma [2. II and where Aj^ (0, v) and Bj^ (n, 0, v) 
are defined respectively by ()4.8p and ()4.9p . Let us now give an appropriate upper bound for Aj-^ (0, f ). 
Observe that 

^ (l + |A:|)i/-logi/°+'? (2+|A;|) 
tz (2 + 1^1)' 

Thus, ()4.8p and Lemma 19.41 (in which one takes = 1 — v, Oq = 1 — 6, A=p+l/a + r/, uq = —00 
and ni = ji) imply that, 

A,,{0,v) = 02^ + IjI)'^'^"^" < C32^-^(^"'')(l + 1^11)^+'/"+" 

j<ji 

<C4\ur'{l + \log\u\\Y^'^"^\ (4.21) 

where the last inequality results from (j4.19p and where C3 and C4 are two constants non depending 
on (n, v). Let us now give an appropriate upper bound for Bj-^ (u, 0, v). In view of (|4.9p . this quantity 
can be expressed as, 

Bj,{u,0,v) :=Tj,{u,v)+Tj,{0,v), (4.22) 

where Tj-^ {u, v) and Tj^ (0, v) are defined by ()4.12p . Assume that j > ji and that x G {u, 0}; it follows 
from Lemma 19.51 in which one takes 6 = 1/a and ^ = 1/a + rj, that, 

^ (l + |fc|)V"logV"+'7(2 + |fc|) ^ ^^(i^2^|^|)i/«i^gi/a+, (2 + 2i|x|) < c62(^-^-^)/"(l+j-ji)V"+^, 
feez (3 + |2Jx-A;|) 

where the last inequality results from (j4.19p and where C5 and cg are two constants non depending 
on X, V, j and ji. Therefore, in view of ()4.12p . one obtains that 



T,,{x,v) <c,Y 2-^-^2(^--^-^)/-(l + |j|)^+i/"+^(l + J - ji)V"+^ (4.23) 
j>ji 
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Next, setting I = j — ji in the right-hand side of ()4.23p and using Lemma |9.H it follows that, 

+00 

Tj, {x,v)<ceY, 2"^'i^'2-'(^-i/") (1 + {l + \l + ji 1)^+^/"+" 



1=1 

+00 



1=1 

+00 



< C72-^'^^' ^2-'('^-V")(l + + iY+y"+^ + (1 + 1^11)^+1/"+" 



1=1 



<C82-^-(l + bi|)^+^/"+^ 

<C9|nr(l + |logH|f+^/"+\ (4.24) 

where the last inequality results from (j4.19p and where the constants C7, Cs and cg do not depend on 
X, V and ji. Next, (f02]l and l^^^l^i imply that, 

4-,(u,0,f) <2c9|ur(l + |log|n||)^+^/"+\ (4.25) 

Next, putting together (fi:20]l . ()i:2T]) and (jES]), one gets that, 

5; b-n-^''|6,,,,(a;)| |(arP^')(2^n- A;,^;) - {dr''^)i-k,v)\ 

< C(a;)cio|nr (l + | log |)^+^/"+^ , (4.26) 

where cio is a constant non depending on {u,v). Finally, ()3.3p . the triangle inequality and ()4.26p 
entail that (IMl) holds. □ 



Before ending this section, let us stress that, thanks to (jS.lSp and (|4.ip . for each fixed lo E Oq, 
q G Z+ and M, a, 6 G M satisfying M > and 1/a < a < b < 1, one can derive, a global modulus of 
continuity of the function {u,v) H' {dvX){u,v,uj), on the rectangle [—M,M] x [a,b]. More precisely, 
the following result holds. 

Corollary 4.1. For each fixed uj £ Q^, q £ Z+ and M, a, 6, ry G M satisfying M>0,l/a<a<b<l 
and 1] > 0, one has, 

j \{d^X){ui,vi,uj) - {d^X){u2,V2,Uj)\ \ 
sup < ^ — , > < 00. (4.27) 

(«l,«2,«l,f2)e[-M,M]2x[a,fc]2 [ \ui - n2|^iV^2-l/a(l + | log jm - n2||) ' + \vi - V2\ J 

Proof of Corollary \4-l\ For each {ui,U2,vi,V2) G [— M, M]^ x [a, 6]^, one sets, 

|((?^X)(«i,ui,a;) - [d'iX){u2,V2,uj)\ 



f{ui,U2,vi,V2) :-- 



|U1 - tX2|''iV-2-l/a(l + I log Im - 7X211)'^'^"^'' + l^^l " ^2! 



with the convention that 0/0 = 0. Using the fact that f{ui,U2,vi,V2) = fiu2,ui,V2,vi), it follows 
that, 

f I {d^X) {ui,Vi,U;)- {dlX) {U2,V2,UJ)\ \ 

sup < ^ — . > (4.28) 

(«i,M2,t)i,t)2)G[-Af,A/]2x[a,fe]2 [ Im - 'U2|''iV''2-l/a(l + | log \ui - U2\\y ' + \vi - V2\ J 

_ J \{dlX){ui,viy V2,uj) - {di,X){u2,vi Av2,u)\ 1 

{ui,U2,vuV2)&[-M,M?x[a,b]^ \ \ui - tt2 V^2-l/a (l + | log \ui - U2 1 1 ) + \vi - V2\ j 
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Moreover, using the triangle inequality, and the inequality for all {ui,U2,vi,V2) € [—M, M]^ x [a, 6]^, 

max {im - n2r^^^^-i/"(l + I log \u, - n2||)''+'/"+^ - ^;2|} 
< \u, - n2r^^^^-i/"(l + I log Im - ^211)"+'/"+" + - V2\, 



one gets that, 



\{dvX){ui,Vi V V2,U}) - {dvX){u2,Vi AV2,Uj) 
|.iV.2-l/a(l + I log _ ^211)'+'/"+^ + \V: 
{dvX){ui,Vi V V2,U}) - [dvX){u2,Vi V V2,Uj) 



{ui,U2,vi,V2)&[-M,M]2x[a,bp [ \ui - ^2 ^^2-1/^ (l + | log \ui - ^2 1 1 ) + \vi - V2\ 

< sup 



{ui,U2,vi,V2)&[-M,M]^x[a,b]^ [ \ui - U2 l^^i^^a-^/" (l + | log \ui - M2 1 1 ) + \vi - V2\ , 

J I [d^X){u2,Vi V V2,Uj) - {d^X){u2,Vi A V2,Uj)\ 



+ sup 



{ui,U2,vuV2M~M,Mrx[a,bP [ \ui - li2 (l + | log |ui - U2 1 1 ) + 1^1 - V2\ J 

/ \{d^X){ui,v,uj) - {d?,X){u2,v,uj)\ \ 
< sup < ■ > (4.29) 

iui,U2,v)e[-M,M]''x[aM [ \ui -'U2|''-^/"(l + | log |ui -n2||) ' J 



+ sup 



\{d^X){u,vi,uj) - {dvX){u,V2,uj)\ 



□ 



{u,vi,V2)G[-M,M]x[a.M^ { \Vl—V2\ J 

Finally, putting together, (lOSl) . K29\\ . iKTEh and (gl]), one obtains K27\\ . 

5 Global and local moduli of continuity of LMSM 

From now on and till the end of the article, LMSM is identified with its modification {Y{t) : t G M}, 
defined for all t € M, by, 

Y{t)=X{t,H{t)), (5.1) 

where {X(u,v) : {u,v) € M x (1/a, 1)} is the StaS field introduced in Theorem 12.11 recall that 
H(-) denotes an arbitrary continuous function defined on the real line and with values in a compact 
interval \Ii,H] C (1/a, 1). 

First we provide a global modulus of continuity for {Y{t) : t G M} on an arbitrary nonempty 
compact interval; there is no restriction to assume the latter interval of the form [— M, M] where M 
is an arbitrary positive real number. 

Theorem 5.1. Let be the event of probability 1 introduced in Lemma \2.1{ Then for each w G I^q 
and for all positive real numbers M and rj, one has, 

/ \[Y{t,u)-y{s.u:)\ \ 

sup { ^7^- > < oo. (5.2) 

(t,s)&[-M,M? i \t - s|^^WV//(s)-l/a(l + I log|t _ s||)2/"+'' + \H{t) - H{s)\ J 

Proof of Theorem 15. il The theorem easily results from ()5.ip and Corollary 14.11 in which one takes 

g = 0, a = m.m.^^[_M,M] H{x) and b = max^.g[_jv/,M] H{x). □ 

Remark 5.1. (i) Theorem \5. 1\ remains valid under the weaker condition that H{ ) is a continuous 
function on the real line with values in the open interval (1/a, 1); indeed, even in this case, 
M,M]) is still a compact interval included in (1/a, 1). 
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(ii) A straightforward consequence of Theorem I5.il is that: LMSM has a modification with almost 
surely continuous paths, as soon as its functional Hurst parameter H(-) is a continuous function 
with values in (1/a, 1); this solves and provides a positive answer to the conjecture made by 
Stoev and Taqqu in Remark 1 at page 166 of \2S^ . 



The following corollary easily follows from Theorem 15.11 
Corollary 5.1. (i) Assume that for some real numbers Mi < M2, one has for each r] > 0, 

\H{t)-His)\ 



(i,s)g[A/i,A./2]2 \t - s|'f^WV-f^(«)-V"(l + I log jt - s 

then it follows that, for all w S ilg and rj > 0, 



J \Yit,uj)-Yis,u)\ \ 

sup < ■ ■ ^ > < 00. (5.4) 

(M)G[AA,Af2]2 [ \t - s\H{t)'^H{s)-l/a(^l + | log \t - sWY'"^" J 

(a) Assume that for some real numbers Mi < M2, one has for each r] > 0, 

\Hit)-His)\ 

sup ■ — ; — ■ ■ „ , , < 00, (5.5) 

(t,.)6[A/i,A^2]2 \t - s|™n,g[Mi,M2]^^(^)-l/"(l + I log \t - s\\y"^'' 

then it follows that, for all cj € Jig and rj > 0, 

j \Y{t,u)-Y{s,u;)\ \ 

sup < ■ ■ ■ — — > < 00. (5.6) 

Remark 5.2. (i) The Condition 15. 3\) is satisfied as soon as 

g C""^^-6[A/i,M2]^^W-l/"([Mi,M2],M). 

(ii) The Condition 15. 5\) is satisfied as soon as 

H{.) G C™"-e[A/i,A/2]^^W-i/"([Mi,M2],M). 
Let us now provide a local modulus of continuity for {Y{t) : t € M}. 

Theorem 5.2. Assume that the skewness intensity function f3{-) of the StaS measure Za{ds) is a 
constant. Let to G M 6e arbitrary and fixed. Then, one has almost surely, for all positive real numbers 
M and rj, 

j \Y{t)-Y{to)\ \ 

sup < ■ -7-^ > < 00. (5.7) 

tel~M,M] [ \t - to|^^(*o)(l + I log \t - toll)^ + \H{t) - Hito)\ J 

Proof of Theorem \5.2l First observe that for any fixed tg S the process {X{t, H{tQ)) : t € M} has 
stationary increments since it is a Linear Fractional Stable Motion of Hurst parameter H(to); hence, 
the processes {X{t,H{to)) - X{to,H{to)) : t £ R] and {X{t - to,H{to)) : t G M} have the same 
finite dimensional distributions. Therefore, using their path continuity, and the fact that the set of 
the dyadic numbers in [— M, M] is dense in [—M,M], it follows that the random variables. 



sup 



\X{t,Hito))-X{to,Hito))\ 



t&[-M,M] y \t - tg|^^(*o)(l + log \t - tol 



1/a+r/ 
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and 

\X{t-to,H{to))\ 



sup 



tel-M,M] [\t-to\Hiio){i + \iog\t-to\\y/''^V ' 

are equals in law; thus, taking in Proposition 14.21 q = and a, 5 such that Hito) G [a-,h], one gets 
that, almost surely, 

sup { : — ...... r — : ...i/a+v ( < (^'^^ 



t€l-M,M] [ \t - to\^(^o) (l + log \t - to 



On the other hand, taking in ()3.18p . q = 0, a = H_ := mixeRH{x) and b = H := sup^^^H{x), one 
obtains that, 



\Xit,H{t)) 


-Xit,H{to))\ 


\H{t) 


-H{to)\ 



sup { \TF77\ 777TT\ ^ < oo. (5.9) 

tG[-M,M] 

Finally putting together, ([SJD, ([SS]) and it follows that 1^1^ holds. □ 

The following result is a straightforward consequence of Theorem 15.21 

Corollary 5.2. Assume that the skewness intensity function f3{-) of the StaS measure Za{ds) is a 
constant. Also assume that to £M is such that, for each rj > 0, one has for all i G M, 

\H{t) - H{to)\ < c\t - to|^(*«Hl + I log I* - to\\f"^\ (5.10) 

where c> is a constant only depending on to and rj. Then, one has almost surely, for each positive 
real numbers M and rj, 

\ \Y{t)-Y{to)\ \ ^ 

sup < ■ ■ TT-r- )• < oo- (5-11) 

ie[_M,A/] \\t- to|^(*«)(l + I log \t - ioll) J 

6 Quasi-optimality of global modulus of continuity of LMSM 



The goal of this section is to show that, under some conditions, a bit stronger than ()5.5p . the global 
modulus of continuity, given in ()5.6p . is quasi-optimal, more precisely: 

Theorem 6.1. Assume that Mi < M2 are two arbitrary fixed real numbers such that the condition, 
(A) : H{-) belongs to the Holder space {[Mi, M2], M) for some 7* € ( ^v^x&[Mi,M2] H{x) — 1/a, l] , 
is satisfied. Let us set 

p := sup i 6* € M+ : 3 to € [Mi,M2] s.t. H{to) = min H{x) and sup ^^^^"^ ~ ^fr"*^ < 00 i 

xelMi,Ah] t£[MuM2] \t-tor J 

(6.1) 

and 

T := — , (6.2 

ap — 1 

with the convention that r := when p = +00. Assume that 

ap > 1, (6-3) 
then, T is a well-defined nonnegative real number, and one has, almost surely, for all rj > 0, 

sup j ■ -I = 00. (6.4) 
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Remark 6.1. Notice that the Conditions (A) and Ii6.3\) are satisfied when H{-) belongs to the Holder 
space C'^([Afi,M2],M), for some 7 > l/a. 

In order to prove Theorem 16.11 we need some preliminary results. Let us first introduce ^ the 
real-valued deterministic continuous function defined, for all {x,v) € M x (l/a, 1), as, 

^{x, v) := I — - / (. - {s)ds, (6.5) 

T{v + l-l/a)T{l/a-v + l) 

where '0*-^^ is the second derivative of the Daubechies mother wavelet ^ introduced at the very 
beginning of Section [21 and where V is the usual Gamma function; also, recall that the definition 
of (•)!(/" " is given in ()1.2p . By using a result in [26] concerning Fourier transforms of right-sided 
fractional derivatives, one has for each {i,v) G M x (l/a, 1), 

*(^'^) = v( ^] 1/ J gr+^-^/"e--^g"(g)(-+i-V")iV^(g), (6.6) 
i -|- 1 — 1/aj 

where ^'(•,f) denotes the Fourier transform of the function ^'(•,1;). Let us now give some useful 
properties of the function ^ . 

Proposition 6.1. The function ^ satisfies the following three properties. 

(i) For all real numbers a,b such that 1 > b > a > l/a, the function ^ is well-localized in the 
variable x uniformly in the variable v G [a,b]; namely one has, 

sup {3 + \x\f\^{x,v)\<oo. (6.7) 

{x,v)&Rx[a,b] 

(a) For any fixed v € (l/a, l) , the first moment of the function ^'(•, v) vanishes, which means that 

^{x,v)dx = Q. (6.8) 



(Hi) Let ^ be the function introduced in \2.3\) then, for each fixed v E (l/a, l), the system of 
functions {2^/2^(2J' • -k,v) : {j,k) G Z^} and ■ -k,v) : {j,k) G Z^} is biorthogonal; 

this means that for any j G Z, j' G Z, G Z and k' G Z, one has, 

20+i')/2 f ^^2H - k,v)^{2^'t - k',v)dt = <5(j,fcy/,fc.), (6.9) 



where S(^j^k;j',k') = 1 ^/ Ui ^) = W 1 ^') '^i^'d- otherwise. 
Proof of Proposition \6.1\ Part (i) can be obtained by using the fact that 

/ 1 1 

sup < — r-TTT^ — ; r > < 00 

v&[aM I r(7; + 1 - l/a)r(l/a -v + l)\ 

and a method similar to the one used in the proof of Proposition 12.11 Part {ii). In view of the 
definition of a Fourier transform, taking in ()6.6p = one gets Part {ii). Let us now give the proof 
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of Part (iii). Using Parseval formula, ()2.4p and ()6.6p . one obtains for all {j,k) £ Z^, 
2^/H{2h - k,v)2^'/^^{2^'t - k',v)dt 



Jr 

= 2ij-j')i^+^-U») f 2^l'i^{2H - A:)2J"/2^(2J"t - k')dt 
Jr 

= S{j,k;j',k'), 

where the last equality results from the fact that \^2^^'^'ip{2^ ■ —k) : {j,k) G Z^} is an orthonormal 
basis for L^fM). □ 



In all the remaining of this section, Mi < M2 denote two arbitrary real numbers such that the 
Conditions (A) and ()6.3p hold. For the sake of simplicity, we set, 

:= min H(x). (6.10) 

x€[Ah,M2] 

Lemma 6.1. Let Qq be the event of probability 1 introduced in Lemma \2.1\ and let {gj^k '■ Uik) G 
N X Z} be the sequence of the random variables defined on Jig as, 



9j 



^ = 2^i^+H*) I Y{t)-^{2H - k, H^)dt. (6.11) 

JR 



Assume that there exists ujq G Oq, tq > r and 7?o > such that 

\Y{t,uJo)-Y{s,UQ)\ 
sup ■ ■ — < CX3. (6.12) 

(M)G[Mi,M.]2 \t - S|^.-V"(l + I log \t - 

Then one has 

limsupj"'o2"^/"max||c/j-fc(wo)| : k e Z and Mi +2"^ < k/2^ < M2 - 2~^| = 0. (6.13) 

Remark 6.2. Notice that ( [g. 7| ) (in which one takes a,b such that G [a, Proposition \4-^ (in 
which one takes q = 0, a = H_:= m.{x^RH{x), b = H := sup^^j^H{x) and rj an arbitrary positive 
real number) and Relation iS.l]) . imply that the random variables gj^k o,tc well-defined and finite on 

Proof of Lemma \6.1\ In all the sequel, we assume that j G N and A; G Z are arbitrary and satisfy 

Ml + 2-3^ < — < M2 - 2-5^. (6.14) 
It follows from (j6.1ip and (|6.8p in which one takes v = H^,, that, 

g,-fc(L^o) = 2^(1+^*) / {Y{t,oJo) - Y{k2~\uo))^{2H - k,H,)dt. (6.15) 
Jr 

In order to conveniently bound |(/j^/c((x>o)|, we split the integration domain M into the following three 
disjoint subdomains: 

Bi := [Mi,M2], B2 := [-2Mo, 2Mo] \ [Mi, M2] and B3 := ]R\ [-2Mo, 2Mo], where Mq := |Mi| + |M2|. 

(6.16) 
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Therefore, ()6.15p implies that, 

3 

|5j>(a;o)| < J]4,fe(^o), (6.17) 
1=1 

where, for each / G {1,2,3}, one has set, 

4,(u;o) = 2^(i+^*) / \Y{t,ujo) -Y{k2-^ ,uJo)\\^{2H - k,H,)\dt. (6.18) 

First, we show that (|6.13p holds when |(7j^fc(ti;o)| is replaced by Ajf^{u}o). Relation (|6.12p and the 
change of variable u = 2H — k, yield 

4,fc(wo) < Ci(wo)2^'^'+^*^ [ \t- A;2-J|^*"^/"(l + | log|i - k2~^ W)'^"'''' \^ {2H - k,H,)\dt 



< Ci(wo)2^'(^+^*) / |i-A;2-^|-^'-^/"(l + |log|i-A:2-^' 



\^{2h-k,H^)\dt 



Ci(wo)2^'/" / |n|^*-i/"(l + I log |2-J' 



-TO— r;o 



C^i(wo)j~'"°"''°2J> [ - + 

Jr \ 3 



log(2) 



\^{u,H^)\du 

-To-Vo 

log \u\ 



J 



\^{u,H^)\du, (6.19) 



where 



, \Yit,u;o)-Y{s,u;o)\ 

Ci(a;oj := sup ■ 

(M)eB2 \t - s\H,-U»[l + I log \t - s\ 



-TQ-VO 



< oo. 



Let us now show that. 



sup / |n|^*-i/"fi + 
j>i Jm. \ 3 



In view of ()6.7p and the inequality. 



log(2) 



log(2) 



log \u\ 



log \u\ 



-To—rjo 



J 



-TQ-m 



< 



|^'(ii, H^)\du < oo. 



log 2\ -TO -'JO 



(6.20) 



which holds for all real number u satisfying |u| < 2-'/^, one gets, for some constants C2, . . . , C5 and all 
integer j > 1, that. 



Jm \ j 



log(2) 



log \u\ 



-To—vo 



< 202^""°+* 



^du + C2 



|n|>2i/2 (3 + \u\) 



\'^{u,H^)\du 
log 2\ -T()-»7o 



u 



H,-l/a 



i«i<2J/2 (3 + \u\y 



rdu 



u>2J/2 



(3 + tx)' 



;du + C3 



(3TH? 



du 



2-j72{i+i/q-h.) 



1 + 1/a - H, 

which shows that ()6.20p is satisfied. Next, (|6.19p and ()6.20p entail that 

limsup j^02-j/" max |^]fc(a;o) : A; € Z and Mi + 2"^ < k/2^ < M2 - 2-^1 = 0. (6.21) 
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Next, we prove that (j6.13p holds when |(^j fc(tJo)| is replaced by A'jj^{uJo). Let us set, 

C6(wo) := sup |y(t,wo)| < oo; (6.22) 

tG[-2Mo,2Mo] 

observe that Cq{u}q) is finite, since the function t Y{t,ujo) is continuous over the compact interval 
[-2Mo,2Mo]. Also, observe that, in view of ([Oil) and ^TM . one has that for all t e B2, 

\2H-k\ > 2^(^-2^). 

Therefore, it follows from (j6.7p . that for each t G B2, 

\^{2H-k,H^)\ < C72-J(2-^), (6.23) 

where C7 is a constant non depending on i, j and k. Putting together, (|6.18p . ()6.22p and ()6.23p . one 
gets that, 

4fe(^0) < C8(L.0)2-^'(^-^--i\ 

where Cs^ujq) is a constant non depending on j and k. The latter inequality and the inequality 
< 1, imply that, 

limsup f02-ih max iA],^{ojo) : k e Z and Mi + 2"^ < k/2^ < M2 - I'^l = 0. (6.24) 

Next, we prove that (j6.13p holds when |(/j fc(a;o)| is replaced by j^{uo). Observe that by using the 
triangle inequality, ()6.14p and ()6.16p . one has, for each t £ 83, 

\2H -k\ = 2^ t-^ > 2^ (^\t\ - > 2^ {\t\ - Mo) > 2^-'\t\. 

Therefore, it follows from (j6.7p . that for each t £ Bj,, 

\^{2H-k,H^)\ < C92"2i|t|-2^ (6.25) 

where cg is a constant non depending on t, j and k. On the other hand, using (jS.ip and Proposi- 
tion in the case where q = 0, a = I£ := mfx^m H{x) and b = H := sup^^^ H{x), one obtains 
that for any fixed rj > 0, and for each t £ Bs, 



\Y{t,coo)\<Cioiu;o)\t\''{l + \log\t\\) 



l/a+T] 



where Cio(wo) is a positive finite constant non depending on t. Next, combining the latter inequality 
with (j6.14p and (|6.22p . one gets that, for aU j G N and A; G Z satisfying (|6.14p . and for each t e B3, 
one has, 

\Y{t,LOo)-Y{k2~\cJo)\<Cu{u^o)\t\^{l + \log\t\\f"^\ (6.26) 
where Cii(a;o) is a constant non depending on j, k and t. Next, ()6.18p . ()6.25p and ()6.26p . yield 

AIM < Ci2(^o)2-(^"^*)^ 
where Ci2(wo) is a constant non depending on j and k. Moreover, the latter inequality implies that, 

limsup p2-^/'^ max |^|;,(a;o) : A; € Z and Mi + 2"^^ < k/2^ < M2 - 2~^| = 0. (6.27) 
Finally, putting together, (fUTTD . IKlT\i . (lO^ and (IS2ZD, it follows that (IHT^ holds. □ 
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Lemma 6.2. Let Q,q be the event of probability 1 introduced in Lemma \2.1\ and let {gj^k '■ (j) ^) S 
N X Z} be the sequence of the random variables defined on as, 

= 2^(1+^*) / X{t,H{k2~^))^{2H- k,H,)dt. (6.28) 

Assume that H{-) satisfies the Condition (A). Then, for each a; G J^q and all 
6 G [0, min{7^, + 1/a — ff*, 1 — H^,}), one has, 

limsup2^(^-^/")max||5j-fc(a;) : k e Z and Mi + 2"^ < k/2^ < M2 -2"^! = 0. (6.29) 

Remark 6.3. Notice that ^6. 7| ) (in which one takes a,b such that G [o^i^lJ Proposition \4-^ 
(in which one takes q = 0, a = H_, b = H and r] an arbitrary positive real number), imply that the 
random variables gj k o,re well-defined and finite on J7g. 

Proof of Lemma \6.SX In all the sequel, we assume that j G N and k ^ "L are arbitrary and satisfy 
(|6T1]1 . Using dSlJ, (|6TT]1 and ([6211), one has, 

3 

1=1 

where for all / G {1, 2, 3}, 

LL(a;) = 2^(^+^*) [ \X{t,H{t),u) - X{t,H{k2-^),u)\\^{2H - k,H^)\dt; (6.31) 

recall that the sets Si, B2 and S3 have been defined in ()6.16p . Let us now prove that (|6.29p holds, 
when \gj^k{!jj) — 'gj^k{u})\ is replaced by Lj^(a;). It follows from the definition of Si, (|3.18p (in which 
one takes (7 = 0, M = Mq, a = H_ and b = H), (|6.14p . the Condition (A), and the change of variable 
u = 2H — k, that, 

L]k{oj) < Ci(c^)2^'(i+^*) [ \H{t) - H{k2-^)\\^{2H - k,H,)\dt 

< C2(w)2J(i+-f^*) / \t-k2^^\^*\^{2H-k,H^)\dt 

< C2{io)2^^^+"*^ I \t-k2-^^*\^{2H-k,H^)\dt 

= C2{uj)2^^' [ \2^^u\'^''\^{u,H^)\du 
Jr 

< Cs{uj)2^^^'-^'\ (6.32) 

where the positive and finite constants Ci{u}), C2{uj) and 6*3(0;), do not depend on j and k. Then, 
using (j6.32p and the inequality 0<7* + l/a — one gets that, 

limsup2J(^"^/") max \l] i,{uj) : k e Z and Mi + 2"^ < k/2^ < M2 - 2~^| = 0. (6.33) 

Next, let us prove that (j6.29p holds, when \gj^k{uj) — gj^k{^)\ is replaced by L^^(a;). Let us set, 

6*4(0;):= sup |X(u,f,o;)| < 00; (6.34) 

(n,i))G[-2Mo,2A/o] X [11,11] 
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observe that 6*4(0;) is finite, since the function {u,v) 1— )> X{u,v,u}) is continuous over the compact 
rectangle [-2Mo,2Mo] x [H,H]. Putting together, (IOT|) . (lOil) . and IK23\i . one obtains that, 

4,(a;)<C5(a;)2-^(i-^'"i), (6.35) 

where 65(0;) is a constant non depending on j and k. Then, using (|6.35|) and the inequahty 6 < 
it follows that, 

limsup 2-'(^~^/") max {^^,fc(t^) : k £ Z and Mi + 2^^ < A;/2^ < M2 - 2"^} = 0. (6.36) 

Next, let us prove that ()6.29p holds, when \gj^k{^) — gj,k{^)\ is replaced by L^j^{uj). Setting in 
Proposition 14.21 q = 0, a = H_ and b = H, one gets that for any fixed rj > and for each t € B3, 

\X{t,H{t), oj) - X{t,H{k2~^),oj)\ < CGiu)\t\^{l + I log|^||)^/"+^ 

where 6*6(0;) is a constant non depending on t and {j,k). Next combining the latter inequality with 
([OT]) and ([OS]) , it follows that, 

l3,(o.) < C7(c.)2-(^-^*)^ (6.37) 

where Cf{uj) is a constant non depending on j and k. Then, using (j6.37p and the inequality 9 < 1 — //*, 
it follows that, 

limsup2-'(^-^/°) max {lI,,{uj) : k e Z and Mi + 2"^ < k/2^ < M2 - 2~^| = 0. (6.38) 

Finally, putting together, (IHIHOD . (iOHD . dOH]) and (lOHD . it follows that (l6:29]l holds. □ 

Proposition 6.2. Lei be the event of probability 1 which has been introduced in Lemma \2.1{ Then 
for all OJ G Oq, t; € (1/a, 1) and (j, fc) G Z^, one has, 

2i{i+«) / X(t,7;,a;)$(2Jt- A:,z;)(it = ej-fc(a;), (6.39) 



where ej^k is the random variable defined in l[2.5\) . 

Proof of the Proposition \6.S\ First observe that by using ()6.7p and ()4.2p in which one takes g = 
and a, 6 such that v € [a, 6], it follows that, for all a; € J^q and (j, /c) € Z^, 

2^(1+^') j ^ 2-j"nejv^fc,(w)||^(2^" • -A:',^;) - ^'(-A;',t')| ) 1^(2^' • -k,v)\ G L] 



therefore we are allowed to apply the dominated convergence Theorem, and we obtain, in view of 
Theorem 12.11 Part (i), that 

2j(i+v) I x{t,v,uj)^{2H-k,v)dt 
Jr 

= 2^a+^) ^ 2-^'%v^fc/(w) / {^{2^'t-k',v) -^{-k',v))^{2H-k,v)dt. 
Finally, combining the latter equality with Proposition 16. II Parts (ii) and {Hi), one gets ()6.39p . □ 
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Remark 6.4. Let r and p he as in Theorem \6.1l also we suppose that W. 3|) holds. We denote by tq 
an arbitrary real number such that tq > r > 0. 

(i) One has, 

1 + 2a"i + TQ 

< aTQ. (6.40) 

P 

(a) Denote by d{To) and e(ro) the positive real numbers defined as, 

d{ro) ■■= ^ ^l±_?^L_Llo^ + ^(aro) and e(ro) := ^ ^l±^^L_Llo^ + ^(aro), (6.41) 

< d{To) < e(To) < aro. (6.42) 

P 

(^iiij For any fixed t^ G [Mi,M2] and j € N, denote by Dj{tQ,TQ) the set of indices, defined as, 

Dj{to,To) := |fc G Z : ^2"^' G [Mi.Ma] an(i j-^^^''^ < \to - k2-^\ < j"'^^"""^}, (6.43) 
then, for all j big enough, the set Dj{tQ,TQ) is nonempty and satisfies, 

Dj{to, To) C G Z : Ml + 2-^ < < M2 - 2"^ j. (6.44) 



Proof of Remark \6.4\ Observe that, in view of (j6.2p . one has 

1 + 2a"i + T 



therefore, (|6.3|) . implies that Part (z) holds. Part (ii) easily follows from (|6.40|) and (|6.41|) . Let us 
give the proof of Part (iii), for the sake of simplicity we set d = d{To) and e = e(ro). Observe that 
the set Dj{to,To) is nonempty for all j big enough, since limj_!.+oo 2^{j~'^ — = +00. Let j > 1 
and k be two arbitrary integers such that j is big enough and k G Dj(to,TQ). In order to show that, 
they satisfy (j6.14p . we will study three cases: to G (Mi,M2), to = Mi and to = M2. 

Let us first suppose that Mi < to < M2 i.e. minjto — Mi, Af2 — to} > 0, then in view of the fact 
that j is big enough, one can assume that + 2~^ < minjto — Mi, M2 — to}; the latter inequality 
and the inequality |to — k2~^ < imply that (|6.14p holds. 

Let us now assume that to = Mi. It follows from the equality |to — k2~^ = k2~^ — Mi and the 
inequalities < |to — A;2~'' | < j"*^, that, Mi+j"*^ < k2"^ < Mi+j"*^. Moreover, in view of the fact 

that j is big enough, one can assume Mi + j"*^ > Mi + 2~ ^ and Mi < M2 — 2~ ^ ; thus ()6.14p 

holds. At last, the case where to = M2, can be treated similarly to the case where to = Mi. □ 

Lemma 6.3. Let r be as in Theorem \ 6.1l also we suppose that 16. 3\) holds. We denote by tq an 
arbitrary fixed real number such that tq > t >0. Then, for all to G [Mi,M2], there exists r2^^^(to) 
an event of probability 1 (which a priori depends on tq and to) included in Qq (recall that the latter 
event has been introduced in Lemma [2A\) . such that, for each ui G ,^^(to), one has, 

liminf/0 2-^/"max||e, fc(a;)| : k G D,(to,ro)) > 0, (6.45) 

where the ej^k's are the random variables defined in \2. 5|) and where Dj{tQ,TQ) is the set introduced 
in (U:j^. 
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Proof of Lemma \6.3i Let p be a fixed integer such that p > 2R (see (j2.2p for the definition of R) . 
We assume that j is an arbitrary big enough integer, so that the set, 

D'j{to,To) ■.= {qeZ -.pqe Dj{to,To)} = |g G Z : |^ € [Mi,M2] and < \pq2-^ -to\ < j-'^(-o)|. 

(6.46) 

is nonempty. Prom now on, for the sake of simplicity, (i(ro) and e(ro) are respectively denoted by d 
and e. Notice that, since j is big enough, the cardinality of the set Dj{tQ,TQ) satisfies, 

cij~''2^ < card {mto, tq)) < C2j-''2^ , (6.47) 

where ci and C2 are two positive constants non depending on j. We denote by Tj the event defined 
as, 

Tj := [Loen*o ■■ max {|ej, fc(^^)| : k G Dj{to, tq)} < r"°2J/"} . (6.48) 

Let us provide an appropriate upper bound for the probability P(rj); since j is big enough, there is 
no restriction to suppose that j~'^o2-'/" > 1 and that C3j"'^°2~^ < 1, where C3 is the positive constant 
c' in (123]). Next, using, <^^M\i . Part (iv) of Remark [2U ([22]), and the first inequality in 

()6.47p . one obtains that, 

p(r,)<p[ _n {k.,P.I<r^"2^/"}) = JI ip(k,,p,|<r^"2^/") 
= JI (i-F(h„M|>r^"2^>)) 

< (1-03^0 2- A . (6.49) 



moreover, the inequality log(l — x) < —x for all x G [0, 1), allows to prove that, 

(1 - C3i""02-^y := exp {cir''2^ log(l - C3i""02-^)) < exp ( - cicsj""""'') . (6.50) 
Finally putting together (|6.42|) . (|6.49|) and (|6.50|) . one gets that, 

j;P(P,) <oo; 

thus Borel-Cantelli Lemma implies that (j6.45p holds. □ 

Lemma 6.4. Let r he as in Theorem \ 6.1\ also we suppose that / fg.3|) holds. We denote by tq an 
arbitrary fixed real number such that tq > r > 0. Then there exists to G [Mi, M2] (a priori tQ depends 
on Tq) such that, for all w G rjg (the event of probability 1 introduced in Lemma [K7\) . one has, 

limsupr«2-j/°max ||5j-fc(a;) - ej-fe(a;)| : k G Dj{to,To)} = 0; (6.51) 

recall that the random variables gj^k o-nd ej k have been defined respectively in i6. 28\) and \2. 5j) . also 
recall that the set Dj{to,TQ) has been introduced in ^6.43\ ). 

Proof of Lemma \6.4\ Let p be as in (j6.ip . Assume that pQ G (1/a, p) is arbitrary and such that, 

< < d{To) < e(To) < aro, (6.52) 

P Po 
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where d{To) and e(To) are defined in (j6.4ip . Then, in view of (|6.ip and ()6.10p . there exists to € 
[Mi,M2], which satisfies, 

H{to) = 

(6.53) 

In all the sequel, we suppose that j is an arbitrary big enough integer, thus the set Dj{tQ,TQ) is 
nonempty and ()6.44p holds; also we suppose that k G Dj{tQ,TQ) is arbitrary. Using (j6.39p in which 
one takes v = H^, ()6.28p . and the equality, for each fixed t € M, 

X{t,H{k2-^),oo) - X{t,H^,uj) = {H{k2-^)-H^) [ {d^,X) {t, + 9{H{k2-^) - H^),u;)de, 

Jo 

one gets that 

9jA^) - ^j,ki^) = 2^(^+-^*) / {X{t,H{k2-^),uj) - X{t,H^,uj))^i2H - k,H^)dt 

= 2^i^+H,)(^H{k2-^)- H^) [ [ {d^X){t,H^+e{H{k2-^) - H^),uj)^{2H- k,H^)dedt. 

Jr Jo 

Therefore, it follows from (|6.8p in which one takes v = ff*, that. 





5 u = -ff*, tha 

3 

|e,,fc(a;) - gj,k{uj)\ < \H{k2~^) - (6.54) 

1=1 

where, for each / G {1,2,3} 

4,(^) = 2^(1+^*) / f\^{2H-k,H,)\ (6.55) 
JBi Jo 

X I {d^X) {t, + e{H{k2^^) - H^),uj) - {d^X) {k2~^,H^ + 9{H{k2~^) - H^),oj) \dedt; 

recall that the sets Bi are defined in ()6.16p . Observe that, in view of ()6.53p and ()6.43p . one has, 

\H{k2-^) -H^\< cij-'^^^°^P\ (6.56) 

where ci is a constant non depending on j and k. Also, observe that in view of (j6.52p . there exists 
r/i, an arbitrarily small positive real number such that 

l + 2a"^+ro + r,i ^ 
Po 

Let us now, prove that ()6.5ip holds when |5j\fc((^) — ej^fc(a;)| is replaced by \H{k2~^) — H^\Fji^{uj). 
Using Proposition 14 . 1 1 (in which one takes q = 1, M = Mq, a = H_, b = H and rj = r]i), the inequality 
H{k2-^) > and the fact that k2-^ e Bi C [-Mo,Mo], one gets that. 



Fhi^) < C2(w)2^(i+^*) / \^{2H - k, H, 

Jb^ Jo 



Bi Jo 

X It - A:2-^|^*-V"+^(^('=2-)-H.)^ ^ 1 1 u _ k2-my^'^"^'"dedt 



< C72(w)2J(i+^*) / \^{2H - k,H,)\\t - k2~^\"'-^l''{l + I log \t - k2'^ 

Jbi ^ 

x{^'|t-fe2-^f(^(^'2-^)-^*)d^}dt 

< C3(w)2J(i+^*) / \^{2H - k, H^)\\t - k2-^^*-^/''(l + \ log\t - k2-^\\ 

Jr ^ 



l+2/a+ri 



1+2/a+rii 

dt, 
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where C2(ti;) is a constant non depending on j and k and where C2,{oj) = (l + 2Mq) *C2{oj). 
Then, setting u = 2H — k ui the last integral, and using Lemma l9. 11 one obtains that, 

Flkioo) < C3(w)2J/° j |n|^*-i/" (l + I log |2-Jtx| l) \^{u, H,)\du 

J M 

< C5(w)j^+2/"+^^ 2^'/", (6.58) 

where 6*4(0;) and 6*5(0;) are two constants non depending on j and k. Putting together, ()6.56p . ()6.57p 
and ()6.58p . it follows that 

limsupj""0 2-J>max||F(/c2-^) - H^\Flf^{io) : k G Dj{to,To)} = 0. (6.59) 

Let us now prove that (|6.5ip holds when \gj^k{uj) — ej^fc(o;)| is replaced by \H{k2~^) — H^:\Fjj^{uj). We 
set, 

6*6(0;):= sup \{dvX)(u,v,uj)\ < 00; (6.60) 

{u,v)g[-2Mo,2Mo]x[H_,'H] 

observe that 6*5(0;) is finite, since the function (u, v) 1— )> {dyX){u, v, uj) is continuous over the compact 
rectangle [-2Mo, 2Mo] x Putting together, ([635]) . ([6^50]) . HjGMh and (lOSj) . one obtains that, 

i^2^.(o;) < 67(o;)2-^-(i-^*-i), (6.61) 

where 6*7(0;) is a constant non depending on j and fc. Then, using ()6.6ip . the fact that H{-) is a 
bounded function, and the inequality < 1 — H^, it follows that, 

limsup j^"2~j/"max||if(A;2"-') - H^\fI^,{uj) : k G Z)j(to,To)| = 0. (6.62) 



Let us now prove that (j6.5ip holds when 15^,^(0;) — ej^fc(o;)| is replaced by \H{k2 ■?) — H^\F^^ 



.00 . 



Setting in Proposition 14.21 (7 = 1, a = and b = H, one gets , in view of ()6.60p . that for any fixed 
ri > 0, for each t e B3 and for ah 9 G [0, 1], 

\{d^X){t,H,+eiH{k2-^)-H,),uj)-{d^X){k2-^,H,+e{H{k2-^)-H,),io) \ < 68(o;)|t|^(l+| log 

where 63(0;) is a constant non depending on t, 6 and {j,k). Next combining the latter inequality 
with ([53^ and ([O^ . it follows that, 

F|,(o;o) < 69(o;)2-(i-^*)^ (6.63) 

where 69(0;) is a constant non depending on j and k. Then, using ()6.63p . the fact that H{-) is a 
bounded function, and the inequality < 1 — H^, it follows that, 

limsupj^02--'/"max||i7(A:2~-') - H^lFfj^ioj) : k G Dj{to,To)} = 0. (6.64) 

Finally, putting together, (|63i]) . (l639]l ([6:62]) and dOijl . it follows that ([631]) holds. □ 

Lemma 6.5. Let r 6e as in Theorem \6.1[ also we suppose that the Conditions (A) and 116. hold. 

We denote by tq an arbitrary fixed real number such that tq > r > 0. Then there exists ^2 to 
event of probability 1 (which a priori depends on tq) included in J^q (recall that the latter event has 
been introduced in Lemma \2. such that, for each co G ^2 to' '^'^^ 

liminf j"'0 2-j/"max||5, fc(o;)| : k e Z and Mi + 2'^ <k/2^ <M2-2-^} > 0, (6.65) 
where the gj^k 's are the random variables defined in 16.11\) . 
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Proof of Lemma \6.5[ Putting together (j6.44p and Lemmas 16.41 16.31 16. 2t one gets the lemma. □ 

Now, we are in position to prove Theorem 16. li 
Proof of Theorem \6.1[ Denote by Q^, the event of probabihty 1, defined as, 



■■= n ^2 



'2,ro ) 

Toeyiand ro>T 

recall that the events ^2 tq have been introduced in Lemma 16.51 It is clear that ()6.65p holds for all 
w € and for all real number tq > r > 0; therefore, it follows from Lemma 16. H that for each 
uj G ^^3, Tq > T and 770 > 0, 

\Y{t,Lo)-Y{s,co)\ 
sup ■ ■ — = 00. 

(M)e[Mi,Af2P \t - s|^^*-V"(l + I log \t - slD^"""* 

Then, in view of ()6.10p . one gets the theorem. □ 

7 Optimality of local modulus of continuity of LMSM 

The goal of this section is to show that under a condition a bit stronger than ()5.10p . the local modulus 
of continuity given in (|5.1ip . is optimal, more precisely: 

Theorem 7.1. Let M he an arbitrary positive real number. Assume that to E (— M, Af) satisfies for 
some constant c > and all t E M, 

\H{t) - H{to)\ < c\t - tol^^*") (1 + I log |t - toll)'^". (7.1) 
Then, one has almost surely, 

f \Yit)-Y{to)\ ] 

sup < ■ ■ -J- > = 00. (7.2) 

te[-M,M] [ \t - to|^(*o) (1 + I log \t - toll) J 

Remark 7.1. Let us mention that, even in the quite classical case of Linear Fractional Stable Motion 
(LFSM) (in other words, in the particular case where the functional parameter H{-) of LMSM is a 
constant), the optimal lower bound of the power of the logarithmic factor in a local modulus of 
continuity, was unknown so far; Corollary \5.'i^ and Theorem \ 7.1\ in our article, show that, in the 
more general case of LMSM, this optimal lower bound is in fact 1/a. 

The proof of Theorem 17.11 relies on (|3.18p in which one takes q = 0, also, more importantly, it 
relies on the following proposition. 

Proposition 7.1. Let M be an arbitrary positive real number. For all E {—M, M), one has almost 
surely, 

f \X{t,Hito))-Xito,Hito))\ \ 
sup < — ' Y7~ )• = 00. (7.3) 

te[-M,M] [\t - tol^ito) (^1 + \ \og\t - to\\) ) 

In order to show that Proposition 17. II holds, we need to introduce some additional notations, also 
we need to derive some preliminary results. Let mo be the positive integer defined as, 

mo := [log2(3fl+2)] +1; (7.4) 
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recall that, i? is a fixed real number strictly bigger than 1, such that (|2.2p holds. For all j € N, one 
sets, 

r{j, mo) := jmo and mo) := [2'^''"'°ho + R + 2]; (7.5) 
observe that, the inequalities, 

{R + l)2-"(j''"o) < mo)2-'^(^''"») -to<{R + 1)2^-^^''"°^ < 4/5, (7.6) 

hold. One denotes by Cj the StaS random variable, 

ej := er{j,mo),l{j,mo) ) (.'^ ■'^) 

in other words, ej is defined through ()2.5p in which j and /c are replaced, respectively by r{j,mQ) 
and l{j,mo). 

Lemma 7.1. T/ie StaS random variables ej, j € N are independent and they all have the same scale 
parameter, namely, for each j £ N, 



>j l/a 

\mrdt\ . (7.8) 



Proof of Lemma 7. 1 , First observe that ()7.8p is a straightforward consequence of (j7.7p and ()2.8p . Let 
us now prove that the random variables ej, j € N are independent. Notice that (|2.2p . entails that, 

supp ' '""'^^ """^ " ' - r,. . 



^^2'-{i.'^o) . -l{j,mo)) C [/(j>no)2~'"(J>^«) -i?2-'^(^>^«\/(j>io)2-'^(^''"«) + i?2-'^(^''"»)]; 



therefore, in view of (|2.5p and the fact that the StaS random measure Za{ds) is independently 
scattered, it is sufficient to show that the intervals [/(j, mo)2-''(j'™o) - i22-''(j''"o), /(j, mo)2-''(j'™o) + 
jl2-rU,mo)j J (^fq are disjoint. The latter result can be obtained by proving that, the inequality, 

j^2-r{j,mo) + ^2-''(^'+P''"«) < |/(i,mo)2-'^(j''"o) - l{j + p,mo)2-'^(j'+P''"o)|, (7.9) 

holds for all {j,p) G N^. By using the triangle inequality, (|7.6p and the first equality in (|7.5p . one 
has, 

|/(j,mo)2-^(^'-°) - l{j +p,mo)2-^(^'+P'-'')| > |/(j, mo)2-^(^'-o) - to\ - \l{j + p,mo)2-'(^+P'^°^ - to\ 

> {R+ l)2-^-(^''^o) -{R+ l)2i-''(J+P'"^o) = (i? + l)2-J™o (1 - 2i-f™«) > (i? + l)2-J™o (l - 2i-'"«). 

(7.10) 



On the other hand, the first equality in (|7.5p . imply that 

jl2-r{j,mo) _^ ^2-''(j+P''"o) = R2-^"'° (l + 2-P"'o) < i?2-J™o (l + 2-™°) . (7.11) 
Next, notice that ()7.4p . implies that 2""^" < (3i? + 2)~^ and consequently that, 

E(l + 2-™") < + < (i?+l)(l-2i-™°). (7.12) 

Finally, putting together dTHIl . (fTTTD and (TTT^ . one gets (USD □ 
Lemma 7.2. One /las, almost surely, 

limsup , ^^^'j, > 1. (7.13) 

,^+oo'^ji/"logi/-(j) - 
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Proof of Lemma \ 7. S\ Notice that, in view of Lemma l7.ll the events ||ej| > j^''" log^/"(j)| , j G N, 
are independent; moreover, (|7.7p and the first inequahty in (|2.9p . imply that, 



+00 



(|e,| > ii/"logV-(i)j > c' j;j-ilog-i(j) = +00. 

i=2 i=2 

Thus, applying the second Borel-Cantelli Lemma, one gets ()7.13p . 



□ 



Lemma 7.3. Let he the event of probability 1 introduced in Lemma \2.1{ Assume that for some 
to G (— M, M) and loq G Qq, one has, 



sup 



\X{t, H{to),ujo) - X{to, H{to),ujo) 



Then, it follows that, 



t€[-M,M] [ \t - to|^(*o) (1 + I log \t-to\ 



r |ei(^o)| ^ 

limsup ^^-n — < 00. 

J-S-+0O J ' 



.1/a 



< 00. 



(7.14) 



(7.15) 



Proof of Lemma 7.3. First notice that, (|7.7p . (|6.39p in which one takes v = H{tQ), (j6.8p . and the 
change of variable x = t — lj2~'^^ , imply that, 

ej{u;o) = 2'^^(i+^(*°)) / (x{t, H{to),iOo) - X{to, H{to),iOo))^{2'^n - l„H{to))dt 

^20{i+^^(*o)) /■ (x(x + /,-2-^^F(to),a;o) -^(to,^(to),a;o))$(2^'^x,/?(to))(ix, (7.16) 

where, for the sake of simplicity, we have set rj = r{j,mo) and Ij = l{j,mQ). Let := |to| + 2, 
observe that, in view of ()7.6p . one has. 



\x + lj2-''^ \ > 1. 



Vx G M, l^l > = 
Also, observe that ()7.16p entails that, 

|ei('^o)| < Sj + Zj, 
where 

X{x + lj2-'^^,H{to),ujo) -X{to,H{to),ujo) \^{2'^x,H{to))\dx (7.19) 



(7.17) 
(7.18) 



and 



2'-^(i+^(*o)) / x(x + ^J2-'^^/^(^o),^^o) -^(to,^(to),wo) |*(2"^x,i/(to))|(ix. (7.20) 

J\x\>s, 

Let us now give an appropriate upper bound for Sj. Notice that, the fact that t i— )■ X{t, H{t()),LO()) 
is a continuous function over M, entails that, ()7.14p remains valid, when [—M,M] is replaced by any 
other compact interval; also notice that, in view of (|7.6p . when |x| < s^,, then x + lj2~^^ belongs to 
the compact interval [ — — |to| — 4/5, s^, + |to| + 4/5] . Thus, using ()7.14p in which M is replaced 
by + |to| + 4/5, one gets that, 

Sj < C7i(wo)2''^(^+-^(*»» / li^j + x\^^^°Ul + \log\iyj+x\\y^''\^{2'^^x,H{to))\dx 

< (:7i(wo)2"^'(^+-^(*")) / \uj + x\^'^''>Ul + \log\uj + x\\y^"\^{2'^x,H{to))\dx, (7.21) 
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where, Ci{u}q) is a constant non depending on j, and 

I'j := lj2-''^ - to; (7.22) 

observe that (|7.6p imphes that, 



R+l<2''Jiyj <2R + 2. (7.23) 
For the sake of convenience, let us set, 

C2 :=sup(3+|y|)2|$(y,/7(to))| < oo; (7.24) 



observe that the inequahty in (|7.24p results from (j6.7|) . Next, making in (|7.21|) the change of variable 
u = x/vj, and using the triangle inequality, ()7.23p . ()7.24p . ()7.22p . the last two inequalities in ()7.6p . 
and the the first equality in (|7.5p . it follows that, 

Sj <Ci{ujo)2''^^^+^^^°^^Uj [ + Uju\^^^°Ul + \ log\iyj + UjullY^'' \^{2''^ i^ju, H{to))\du 

= C7i(wo)2'^^(^+-f^(*°))z.J+^^*"^ / |1 + + I log{uj) + log\l + u\\Y^''\^{2'-^iyjU,H{to))\du 

<C73(c.o)(2^^'^,)™^|log(z>,)r^", 

<C74(a;o)i'/" (7.25) 
where, the constant, 

C3(a;o) := C2(log(5/4))-'/"Ci(^o) (3 +7u|)2-i^(to) < 

and the constant C^iioo) = C3(u;o)(2i? + 2)^^^^*'''*mQ^". Let us now give an appropriate upper bound 
for Zy Using (|7.2Up . (|7.24p and the triangle inequality, one obtains that, 

< C22-^^(i-^(*°)) / |X(x + /J2-"^/^(^o),wo)|a;-^d:r + C5(wo)2-"^^^-^(*''», (7.26) 

J |a;|>s* 

where, the constant 

C^ibJo) C2\X{tQ,R{tQ),uj^\ \ x~'^dx<oo. 

Next, observe that, (|7.17p and (|7.6p imply that for all real number x which satisfies |x| > s*, and for 
each j G N, one has, 

1 < \x + lj2-'"^ \ < \x\ + |to| + 1; 

thus, taking in ()4.2p . q = 0, a,b such that i^(to) S [c-i ti], and rj an arbitrary fixed positive real number, 
it follows that, 

|X(x + /,•2-^^i/(^o),a;o)| < CQ{iOo){\x\ + |to| + l)^^*") (l + log {\x\ + |to| + l))'^"^^ (7.27) 



where the finite constant Cq^coq) does not depend on x and j. Next, combining (|7.26p with (|7.27p . 
one gets, that, 

Zj < C77(wo)2~'^^-(^-^(*o)\ (7.28) 

where the finite constant 

CriuJo) := C5(a;o) + ^2 ^ (kl + \to\ + if^'"^ (l + log {\x\ + \to\ + 1)^^"+'" x-^dx. 

Finally, putting together, (f7J8]l . ([725]), (|7:28]l and the first equality in ()7.5p . one obtains ()7.15p □ 
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Now, we are in position to prove Proposition 17.11 and Theorem 17. 11 
Proof of Proposition \7.1\ The proposition is a straightforward consequence of Lemmas 17.21 and 17.31 



□ 

Proof of Theorem \7.1\ Using (j5.1|) and the triangle inequaUty, one has, for all t G [—M, M], 

\X{t,H{to))-X{to,H{to))\ < \Y{t)-Y{to)\ + \X{t,H{t))-X{t,H{to))\, 
and, as a consequence, 

\X{t,H{to))-X{to,H{to))\ \ 



sup 



t&[-M,M] [ \t - to\^(to)(l + I log \t - to\ 



,1/a 



Y{t)-Y{to)\ \ , / \X{t,H{t))-X{t,H{to))\ 



< sup <^ —— ■ ■ —rj- } + sup 



tG[-M,M] [\t-to\^('o)^l+\log\t-to\\y''' } t€l-M,M] i|t-io|^(*oHl + |logl*-*o||)^" 
Thus, in view of (|7.3p . in order to show that (|7.2p holds, it is sufficient to prove that. 



, \X{t,H{t))-Xit,Hito))\ I ^ 
sup { : — — TTT-T — - — : ^T7^ } < ('^■29) 



te[-M,M] [ \t - to\^(^o) h + log \t-to\ 



Taking in ()3.18p q = 0, a = H_ := inf^gK H{x) and b := H := sup^.gig H{x), one gets that, 

sup l \^(i^H{t))-Xit,H{to))\ \ ^^^^^ 
te[-M,M]\ \H{t) - H{to)\ J 

Finally, combining jZH) with ([ZSQ]), it follows that (i7:29]l holds. □ 

8 Local Holder exponent of LMSM 

The goal of this section is to determine the local Holder exponent of a typical path of LMSM. Let 
us first recall, in a general framework, the definition of this exponent. 

Denote by / an arbitrary deterministic real- valued continuous function defined on the real line. 
The critical global Holder regularity of /, over an arbitrary nonempty compact interval [Mi,M2], 
can be measured through, 

p^-([Afi,Af2]) :=sup|p>0: sup ~ {^f ^' < ool , (8.1) 

[ s',s"e[Mi,M2] |s - s r J 

the uniform (or global) Holder exponent of / over [Mi,M2]; observe that one has 

PY%[M[,M^]) > pf f([Afi,M2]), (8.2) 

when [M{, Af2] ^ [Mi, M2]. The local Holder regularity of / in a neighborhood of some point to £ 
can be measured through, 

pY'\to) := sup {pY''{[Mi,M2]) : Ml G M, M2 G M and Mi < to < M2} , (8.3) 

the local Holder exponent of / at to; notice that the latter exponent is sometime called the uniform 
pointwise Holder exponent of / at to (see [29]). 

Let t I— 7- Y{t,uj) be a continuous path of the LMSM {Y{t) : t G M}. The uniform Holder 
exponent of t i-)- Y{t,u) over [Mi,M2], is denoted by py '^([Mi, M2], w) ; the local Holder exponent 
of 1 1— y(t,a;) at to, is denoted by py '*(to, 1^). 

Thanks to Part (ii) of Corollarv 15.11 and thanks to Theorem l6.lt under some Holder condition on 
H{-), one can, almost surely for all to G M, completely determine py''(to,w), more precisely: 



37 



Theorem 8.1. There is r2| an event of probability 1 (non depending on t^), such that for all a; G r2| 

and for each to G satisfying, 

pW%) > V«, (8.4) 

one has, 

PY'%,u;) = H{to)-l/a. (8.5) 

Notice that the latter theorem is a more precise result than Theorem 4.1 in [29]. 

Proof of Theorem \8.1l The theorem does not make sense if there is no to € M which satisfies ()8.4p , 
so in all the sequel, we assume that (|8.4|) is satisfied for some to £ In view of (|8.2|) and (|8.3|) . this 
assumption implies that the set, 

A := {(^1,^2) e Q"^ : 111 < fi2 and ^2]) > l/a} , 

is nonempty. Next, observe that, (j8.ip . Part (ii) of Corollary 15.11 Theorem 16.11 and Remark 16. H 
implies that, for all {fii,fi2) ^ A, one has, almost surely, 

pr'([w,/^2]) = min H{x)-l/a; (8.6) 

moreover, the fact that A is a countable set, entails that ()8.6p even holds on ^4, an event of probability 
1 which does not depend on (^1,^/2) • Also, observe that, for each to € M which satisfies (|8.4p . one 
has, for all G ^^4, 

/9^""(to,w) = sup{/9^""([/ii,^2]) : (w,Ai2) G A and fii < to < 112} ; (8.7) 

the latter equality can be obtained by using (j8.2p . (|8.3p and the fact that the set of the rational 
numbers is dense in the set of the real numbers. Finally, since H{-) is a continuous function, combining 
([8:6]) with dHZl), one gets (l83|). □ 

9 Appendix 

The following lemma is a standard result. 

Lemma 9.1. For all fixed positive real number X, there exists a finite constant c which only depends 
on X, such that for each nonnegative real numbers x and y, one has, 

{x + y)^ <c{x^ +y^), 

with the convention that 0'*' = 0. 

The following technical lemma plays a crucial role in the proof of Part {Hi) of Proposition 13.11 as 
well as in those of other important results in our article. 

Lemma 9.2. Let {p,q) € {0,1,2} x be arbitrary and fixed. We set cj) := (Mdy'if, where ^ is the 
function introduced in Ii2.3\) . Let M , v, a, b and k be arbitrary and fixed real numbers satisfying 
M > 0, l>b>a>l/a, a— l/a>K, and a— l/a — k>zv>0. At last, let i be an arbitrary and 
fixed nonnegative integer. For all n € Z+ and {t,s,v) € x (l/a, 1) we set, 

An{t,s,v;M,K,,u,i,(j)) 

:=Y. 2-^- '^^'^'^ " '^tltf' " (3 + b1)-^V°-^-(3 + |fc|)V"^- (9.1) 

li|<n|fc|>M2"+l ' ' 
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and 

Bn{t,s,v;M,K,v,i,(j)) 

:= E^-'' " ^' U ' " (3 + |j|)-^^/"-^-(3 + (9.2) 

|j|>n+lfceZ ' ' 

with the convention that An{t,t,v; M, KjVji, (j)) = Bn{t,t,v; M, K,i',i,(f)) = for any t £ M. Then, 
when n goes to +oo, An{t,s,v; M, K,i',i,(p) and Bn{t, s,v]M, K,,v,i^(j)) converge to 0, uniformly in 
{t,s,v) G [-M,M]2 X [a,b]. 

In order to prove Lemma 19.21 we need some preliminary results. 

Lemma 9.3. For all fixed real numbers ^ > and M > 0, there exists a constant c > such that 
for each integer n >0, 

(l + A;)-i-« < c2-"«. 

Proof of Lemma \9. 31 Clearly, one has for all integer A; > 1, (1 + fc)~^~^ < J^_^(l + x)~^'^^dx. There- 
fore, 

r+oo 

V (i + fc)^^-«</ (i + x)"i-«(ix = r^^-^"^2-("+i)«. 



k>M2 



□ 



Lemma 9.4. Let X e R and Oq > be fixed. Set c := Em=o2"'"^"(l + "i)''^' < +oo. Then for all 
real number 6 such that \6\ > Oq and each no, ni G {0, ±1, . . . , ±00} satisfying uq < ui, one has, 

, ,sA f2"«^(l + Inoj)^ ife<Q 
> 2"^(l+ n^<c< ' (9.3 

wit/i i/ie convention that 2"°°(1 + 00)^ = and 2+°^(l + 00)^ = +00 

Proof of Lemma \9.4\ First, notice that the lemma clearly holds in the following three cases: 

• no = —00 and ni = +00; 

• no = —00 and 6 < 0; 

• ni = +00 and 6 > 0. 

Indeed, in the latter three cases, ()9.3p becomes +00 < +00. 

Let us study the case where 6 < and —00 < no < ni < +00, the case where 9 > and 
— 00 < no < ni < +00 can be treated similarly. One has 

ni +00 +00 /ill I \ A 



J2 2"^(l + H)^ < Y 2^"'+"°^^(l + |m + no\)^ = 2"o^(l + \no\)^ ^ 2' 

n=no m=0 m=0 

/ill I I \ A 

< 2»°^(1 + InoD" Y 2""''" ( 1 + In \ ) ■ 

m=0 

Thus, it remains to show that 

/111 I I \ A 



me 



1 + |m + no I 

1 + \no\ 



/ill I I \ ^ ^ 
^0 /i±^Ii±j^j <c:=^2— ^o(l + m)l^'. (9.4) 

m=0 ^ + Fol / 
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In fact, (|9.4p can be obtained by proving the following: for every integer m > 0, one has, 

1 1 + |m + nnl 

< ' , — -^<l + m. (9.5) 



1 + m 1 + Pol 

Clearly the second inequality in (|9.5p is satisfied. To prove that the first one holds, we argue by 
cases: 



if no > 0, one gets i±^^ = i±^±no = i + ^ > ^ > i 

" — ' 1+ no 1+no l+no — — l+r. 



-|"0 

if no < and m > — nn = Inn I, then > i — > _ L— ■ 



if no < and m < —no = |no|, then 



l + |m + no| 1 — m+|no| ^ m ^ ^ m 1 



1 + |no| 1 + jnol 1 + |no| 1 + m 1 + m 



□ 



The following lemma is a more or less classical result, we refer for instance to [2] for its proof. 

Lemma 9.5. For all fixed real numbers 9 G [0, 1) and C ^ 0, there exists a constant c > such 
that for any n € one has, 

Now, we are in position to prove Lemma |9.2[ 

Proof of Lemma \9.2i Let t,s G [—M,M] be arbitrary and fixed; there is no restriction to assume 
that s ^ t. We denote by jo > — log2(2M) — 1 the unique integer such that 

< |t - s| < 2"^o. (9.6) 

From now on, for the sake of simplicity we set: 

An{t, s, v) := An{t, s, V] M, K, u, i, (p) and Bn{t, s, v) := Bn{t, s, v; M, k, u, i, (p). 

Let us first prove that, when n +oo, An{t, s, v) converges to 0, uniformly in (t, s, v) G [— M, M]^ x 
[a, b]. So, in the sequel, we assume that j is an arbitrary integer satisfying \j\ < n. We need to derive 
suitable upper bounds for the quantity 



\t — sr 

|fc|>M2"+i ' ' 



(9.7) 



For this purpose, we consider two cases j < jo and j > jo + 1 separately. First, we suppose that 

J < jo- (9.8) 
Using the Mean Value Theorem, ()2.12p . ()9.6p and (|9.8p . one obtains that 



\(I){2H -k,v)- 0(2^5 -k,v)\< ci2^\t - s\ sup(3 + 



\u\)-' 



<ci2^\t-s\{2 + \2H-k\y^, (9.9) 
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where / denotes the compact interval with end-points 2H — k and 2^s — k. It is worth noticing that, 
in view of ()9.6p and ()9.8p . the length of / is at most 1; this is why the last inequality holds. Next, 
([9:9]) and dlZl) entail that 

Ai{t,s,v) <ci2^t-s\^~'' (3 + |A;|)i/"+'^(2 + |2^'t-fc|)-2. (9.10) 

|fc|>M2"+i 

Moreover, using the inequalities |t| < M, \j\ < n and \k\ > 71/2"+-'^, one gets 

(3 + |A;|)i/°+'^(2 + \2H - k\)~'^ < (3 + \k\y/''+''{2 + \k\ - 2^M)-2 < 02(1 + . (g.n) 

Putting together ()9.10p and ()9.1ip . one obtains that 

Aiit, s, v) < cs2^\t - s\'-^ (1 + l^l)"^'"'/""''^- 

|fc|>Af2"+i 

Then Lemma 19.31 (in which one takes ^ = 1 — 1/a — u) and Relation (j9.6p , imply that 
Let us now study the second case where 

jo + l<j- (9.13) 

It follows from ([92]), ([92]) and (l9T^ that 

Aiit, s, v) < 2^- iW^ -k.v)\ + \<P{2^s - A:, I } (3 + (9.14) 

|fc|>Af2"+i 

Moreover, using (|2.12p and the fact that \j\ < n, one has for all {u,v) € [—M,M] x [a,b] and k G 
satisfying \k\ > M2"+^ 

\^{2^u-k,v)\ < C5{3 + \2^u-k\)-^ < C5{3+\k\-2^\u\)-^ 

< C5(3 + - 2"M)-2 < ce{3 + |A:|)-^ (9.15) 

Combining (|9.15p with (|9.14p . one gets that 

Aiit,s,v) < ce2^^+' Y (3+ |fe|)-('-^/"-'^). 

fc|>A/2"+i 

Thus, it follows from Lemma 19.31 (in which one takes ^ = 1 — 1/a — z^), that 

Ai{t,s,v) < c72J''""(i"i/"-'^). (9.16) 

Putting together ^J^, 1^1^, (l9T2]l and (l9T6]l . one obtains that 

jo +00 
A(t,s,^;) < C82~"(^-^/"-^) 2^oi^~'^) 2J'(i"^')(3+ ji|)*+^/°+'^+ Y 2J'('^-^)(3 + |j|)^+^/"+^ 

j=-oo i=io+i 

(9.17) 

Next, using Lemma [9^ with no = —00, ni = Jq, = 1 — v > 0, Oq = 1 — b and X = i + 1/a + v, one 
gets that 

jo 

Y 2J'(^-'')(3 + |j|)^+V«+^ < cg2^o{l-v)^^ ^ ^.^^y+i/a+u (g^-^g^ 
j=-oo 
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and using again the same lemma with uq = jo + 1, ni = +00, 9 = k — v < 0, 9q = 1/a and 
X = i + 1/a + i^, one obtains that 

+00 

2-''(^-^)(3 + < cio2^o(^-^')(l + \jo\y^^^'"^'' . (9.19) 

i=io+i 

Putting together (|9.17p . (|9.18p . (|9.19p . the inequahty > 1/a and the inequahty jo > - log2(2M)- 
1, one obtains that 

An{s,t,v) < cii2-^o(^-'')(l + |jQ|)i+i/°+'^2-"(i-i/"^'^) < ci22-"(i^i/°-'^\ (9.20) 

where 

ci2 := cii sup {2-^/"(l + |j|)*+V"+i^ . j G Z and i > - log2(2M) - l} < +00. 

The last inequality in (|9.20p implies that when n — > +00, An(t,s,v) converges to 0, uniformly in 
{t,s,v) G [-M,M]2 X [a,b]. 

Prom now on our goal is to prove that Bn{t, s, v) converges to uniformly in t, s, v, when n goes 
to infinity. So, in all the sequel j denotes an arbitrary integer satisfying \j\ > n + 1. Pirst we derive 
a suitable upper bound for the quantity 



B^{t,s,v) ■.= Y.^ -V—T- L^(3+|fc|)i/"+^ 



\t - s 



(9.21) 



As above, we distinguish two cases : j < Jq and j > jo + 1- Pirst, we suppose that ()9.8p is verified. 
Similarly to (j9.10p . one has that 

B^{t, s, v) < ci32^> - sl^"" ^(3 + |A;|)i/"+'^(2 + \2H - A;|)-2. 

fcgZ 

Then, using ()9.6p . Lemma 19.51 (in which we take 6 = 1/a + v and Q = 0), and the fact that |t| < M, 
one obtains that, 

B^{t,s,v) < ci42J+J«('^-^)(l + 2Jy/"+^ (9.22) 

Now let us suppose that (|9.13p is satisfied. By using this relation, ()9.6p . the triangle inequality, 
(j2.12p . Lemma 19.51 (in which one takes 9 = 1/a + v and C = 0) and the fact that t, s € [— M, M], one 
gets that. 



B\t, s, v) < 2^"" Y^{2> + |A:|)i/"+'^ {\4>^2h -k,v)\\- \4>{2H -k,v)\] 
fcez 

< ci52J''= J^(l + \k\fl'^^' {(2 + \2H - A;|)-2 + (2 + \i> s - 



fcez 

< C162-'''' |(1 + 2J>|)i/"+^ + (1 + 2-'>|)i/"+'^} 

< ci72-''('^+^/°+''). (9.23) 

There is no restriction to assume that n > log2(M)+2, then in view of the inequality jo > — log2(M) — 
2, one has that — n — 1 < jo and thus ()9.22p entails that, 

— n— 1 — n— 1 



2-^"{3+\j\y+^/''+''B^{t,s,v) < cu Y 2J'(i-'")+J«('^"i)(l + 2Jy/"+'^(3 + |j|)^+^/"+^ 

j=— 00 j=—oo 

-rt-1 

< ci82^'o('^~^) Y 2-''(^~")(3+ 1^1^!*+^/"+'' 



j=-oo 
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Next, using Lemma 19.41 (in which one takes no = — oo, ni = —n — 1, = 1 — v, 0q = 1 — b and 
X = i + 1/a + v), the inequahty 2^°^'^~^^ < {4:M)^~'^ and the inequahty v < b, one gets that 



-n-l 



2'^'"{3+\j\y-^^/''+''B^{t,s,v) < ci92-"(i-^)(4 + n)^+i/°+^ (9.24) 



j=-oo 

Let us now give a suitable upper bound for X]j>n+i ^ 

-^■^(3 + |j|)'+^/"+^SJ'(t,s,v). First we assume 

that jo > n + 1; then, using (j9.22p . one has that, 

Jo Jo 

2--''"(3+ |i|)^+i/"+'^5^'(t,s,7;) < ci42^"('^-i) ^ 2J'(i-'')(3 + |j|)^+^/"+''(l + 2Jy/"+'^ 

j=n+l j=—oo 

JO 

< C2o2^°(''"^+^/"+'') ^ 2J'(^-'')(3 + 

J=-oo 

< C2i2-Jo("-i/"-'^-'^)(3+ |io|)*+^/"+'' 

< C222~"(""^/"-^-^) (3 + n)*+i/'^+'^. (9.25) 

Observe that the third inequahty in (j9.25p fohows from Lemma 19.41 (in which we take uq = — oo, 
'^i = JO) ^ = ^0 = ^~b and A = i+l/a+v) as well as from the inequality v > a. Also observe that 
the last inequality in (j9.25p . results from the fact that the function x i-^ 2"^^'^"^/°"''"'^) (3 + 2;)*+^/'^+'^ 
is continuous over R+ and decreasing for x big enough. 

On the other hand, by making use of ()9.23p . one has that 

+ 00 +00 

Y 2"^^{3 + \j\y+^/''+''B^{t,s,v) <ci7 2J(^+^/"+^-^)(3+ |i|)^+i/"+'^ 
j=jo+l j=jo+l 

< C232-^«("-i/"-'^-'^)(3+ |io|)'+^/"+'' 

< c242-"('^-^/°-'^-'') (3 + n)^+i/"+'^. (9.26) 

Observe that the second inequality in (|9.26p follows from Lemma 19.41 (in which we take no = jo + 1, 
ni = +00, 9 = K + 1/ a + u — V, Oq = a — 1/a — k — u and A = i + 1/a + u) as well as from 
the inequality v > a. Also observe that the last inequality in ()9.26p . results from the fact that the 
function x i— > 2~^('^~^/"~'^~'')(3 + x)*+^/"+'' is continuous over M4. and decreasing for x big enough. 
Combining (|9.25p with (|9.26p . it follows that one has, in the case where jo > n + 1, 
+00 

Y 2"-'''' (3 + |j|)'+^/"+^SJ'(t, s,v) < c252""('^-i/°-''-'^)(3 + n)^+^/"+^ (9.27) 

j=n+l 

Let us now assume that jo < n + 1, then, by making use of (j9.23p . one has that 

+00 +00 

Y 2-^^{3 + \j\y+^/''+''B^{t,s,v) <cn Y 2-''(^+i/"+^-^)(3 + 1^1)*+^/°+'^ 

j=n+l j=n+l 

< C262-"(''-^/"-'^-^) (3 + n)*+i/"+'^, (9.28) 

where the last inequality follows from Lemma 19.41 (in which we take no = n + 1, ni = +00, 9 = 
K + 1/a + — V, 9o = a — 1/a — K — 1/ and A = i + l/a + z/) as well as from the inequality v > a. 
Finally, (fOTD . ([9231), (19:2711 and (irajl imply that, for all n > log2(M) + 2, 

Bn{t,s,v) < c27(2-"(^"'') +2-"('^-^/"-^-^))(4 + n)^+^/"+^; (9.29) 

which in turn entails that when n +00, Bn{t,s,v) converges to 0, uniformly in {t,s,v) G 
[-M,M]2 X [a,6]. □ 



43 



Acknowlegment 



We would like to thank Professor Yves Meyer for his interest in our results. His valuable advice 
greatly improved the introduction of the previous version of the manuscript. 

References 

A. Ayache, S. Jaffard, and M. S. Taqqu. Wavelet construction of generalized multifractional 
processes. Revista Matematica Iberoamericana, 23(l):327-370, 2007. 

A. Ayache, F. Roueff, and Y. Xiao. Linear fractional stable sheets: Wavelet expansion and 
sample path properties. Stochastic processes and their applications, 119(4):1168-1197, 2009. 

A. Ayache, N. R. Shieh, and Y. Xiao. Multiparameter multifractional brownian motion: Local 
nondeterminism and joint continuity of the local times. Annales de I'Institut Henri Poincare, 
Probabilites et Statistiques, 47(4):1029-1054, 2011. 

A. Ayache and M. S. Taqqu. Multifractional processes with random exponent. Publicacions 
Matematiques, 49:459-486, 2005. 

A. Ayache and Y. Xiao. Asymptotic properties and hausdorff dimensions of fractional brownian 
sheets. Journal of Fourier Analysis and Applications, ll(4):407-439, 2005. 

A. Benassi, S. Jaffard, and D. Roux. Elliptic gaussian random processes. Revista matematica 
iberoamericana, 13(l):19-90, 1997. 

S. Bianchi. Pathwise identification of the memory function of multifractional brownian motion 
with application to finance. International Journal of Theoretical and Applied Finance, 8(02) :255- 
281, 2005. 

S. Bianchi, A. Pantanella, and A. Pianese. Modeling stock prices by multifractional brownian 
motion: an improved estimation of the pointwise regularity. Quantitative Finance. 

S. Bianchi and A. Pianese. Multifractional properties of stock indices decomposed by filtering 
their pointwise holder regularity. International Journal of Theoretical and Applied Finance, 
ll(06):567-595, 2008. 

I. Daubechies. Ten lectures on wavelets, volume 61. Society for Industrial Mathematics, 1992. 

M. Dozzi and G. Shevchenko. Real harmonisable multifractional stable process and its local 
properties. Stochastic processes and their applications, 121(7):1509-1523, 2011. 

M.E. Dury. Estimation du parametre de hurst de processus stables autosimilaires a accroisse- 
ments stationnaires. C. R. Acad. Sci. Paris, 333(l):45-48, 2001. 

P. Embrechts and M. Maejima. Self-Similar Processes. Academic Press, 2003. 

K. J. Falconer. Tangent fields and the local structure of random fields. Journal of Theoretical 
Probability, 15(3):731-750, 2002. 

K. J. Falconer. The local structure of random processes. Journal of the London Mathematical 
Society, 67(3):657-672, 2003. 

K. J. Falconer, R. Le Guevel, and J. Levy Vehel. Localizable moving average symmetric stable 
and multistable processes. Stochastic Models, 25(4):648-672, 2009. 



44 



[17] K.J. Falconer and J. Levy Vehel. Multifractional, multistable, and other processes with pre- 
scribed local form. Journal of Theoretical Probability, 22(2):375-401, 2009. 

[18] E. Hashorva, M. Lifshits, and O. Seleznjev. Approximation of a random process with variable 
smoothness, preprint arXiv: 1206. 1251, 2012. 

[19] C. Lacaux. Real harmonizable multifractional levy motions. Annates de I'Institut Henri 
Poincare, Probabilite et Statistiques, 40(3):259-277, 2004. 

[20] N. Leonenko, M.D. Ruiz-Medina, and M.S. Taqqu. Fractional elliptic, hyperbolic and parabolic 
random fields. Electronic Journal of Probability, 16:1134-1172. 

[21] R. Lopes, A. Ayache, N. Makni, P. Puech, A. Villers, S. Mordon, and N. Betrouni. Prostate 
cancer characterization on mr images using fractal features. Medical physics, 38:83, 2011. 

[22] M. Meerschaert, D. Wu, and Y. Xiao. Local times of multifractional brownian sheets. Bernoulli, 
14(3):865-898, 2008. 

[23] Y. Meyer. Ondelettes et Operateurs, volume 1. Hermann, Paris, 1990. 

[24] Y. Meyer. Wavelets and operators, volume 2. Cambridge Univ Press, 1992. 

[25] R.F. Peltier and J. Levy Vehel. Multifractional brownian motion: definition and preliminary 
results. Rapport de recherche de I'lNRIA, 2645, 1995. 

[26] S.G. Samko, A. A. Kilbas, and O.L Marichev. Fractional integrals and derivatives: theory and 
applications. Gordon and Breach Science Publ., 1993. 

[27] G. Samorodnitsky and M. S. Taqqu. Stable non-Gaussian random variables. Chapman and Hall, 
London, 1994. 

[28] S. Stoev and M. S. Taqqu. Stochastic properties of the linear multifractional stable motion. 
Advances in applied probability, 36(4):1085-1115, 2004. 

[29] S. Stoev and M. S. Taqqu. Path properties of the linear multifractional stable motion. Fractals, 
13(2):157-178, 2005. 

[30] S. Stoev and M. S. Taqqu. How rich is the class of multifractional brownian motions? Stochastic 
processes and their applications, 116(2):200-221, 2006. 

[31] D.W. Stroock. Probability theory: an analytic view. Cambridge University Press, New York, 
1993. 

[32] D. Surgailis. Nonhomogeneous fractional integration and multifractional processes. Stochastic 
Processes and their Applications, 118(2):171-198, 2008. 

[33] K. Takashima. Sample paths properties of ergodic self-similar processes. Osaka Journal of 
Mathematics, 26:159-189, 1989. 



45 



